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Aortic aneurysm, or dilatation of the aorta, is a clinically significant pathology as the risk 
of potentially fatal rupture (through-thickness failure) or dissection (delamination of the layers) is 
the fifteenth leading cause of death in the U.S. [1], with just under 10,000 deaths occurring in 
2017 [2].  Current diagnostics for assessing aneurysm risk are aortic size and growth rate [1, 3]. 
These criteria correlate with aneurysm risk but are not direct measures of tissue strength. These 
criteria are especially inadequate for rare disorders involving genetic anomalies, where population 
sizes are relatively small and disease severity can vary widely between individuals. Therefore, it 
is important that we recognize and understand the underlying pathology that makes one aneurysm 
different from another, especially in terms of mechanics as this is what dictates aneurysm rupture 
risk. In this thesis I explore several testing methods for assessing aortic properties in animal 
models of health and disease. I evaluate the simple ring pull test as a high-throughput mechanical 
testbed for circumferential mechanics and explore the use of ultrasound for the assessment of 
complex aortic structures including vessel bifurcations and the aortic arch. These techniques offer 
unique insights as screening tools for understanding mechanics and for evaluating therapeutics. In 
order to further understand how the different mechanics in healthy and diseased tissues arise, I 
created a novel micromechanical model of pathophysiologic remodeling. Using this model, I was 
able to show pathological differences in mechanical properties despite similar clinical growth 
parameters. I further developed a technique to model more complex geometries using a multiscale 
coupling to finite element models. These methods create a unique and useful tool for evaluating 
remodeling with complex geometries utilizing complex microstructural remodeling scenarios 
leading to improved understanding of the mechanics of healthy and diseased tissues, as well as 
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CHAPTER 1: INTRODUCTION 
Importance of Cardiovascular Disease and Aortic Aneurysm: 
Cardiovascular disease continues to be the leading cause of death worldwide, accounting 
for over 500 million deaths in 2019 [4]. The focus of this thesis is on diseases that affect the 
aorta, which is the main blood vessel leaving the heart (Fig. 1). The aorta travels the length of the 
torso and is responsible for moving oxygenated blood throughout the body, meaning that failure 
in this vessel is often fatal. In fact, aortic aneurysm, or enlargement of the aorta, is a particularly 
dangerous pathology causing over 17,000 deaths per year in the U.S., making it the 15th most 
prevalent cause of death [5]. Aortic aneurysm results from abnormal and often unstable growth. 
However, aneurysm itself is not typically a problem -the vessel can grow larger, provided it still 
is able to carry blood from the heart to the rest of the body. The issues arise when the abnormal 
growth results in the aorta failing either through outright rupture or through delamination of the 
aortic layers (dissection). Current techniques for assessing the risk of such failures focus on 
tracking aortic diameter and growth rate [6], neither of which is a direct measure of how strong 
the vessel is. Further, these metrics do not employ any information about the underlying 
pathology. For example, aortic aneurysm is particularly prevalent in genetic disorders that affect 
connective tissues of the body such as Marfan Syndrome, Loeys-Dietz Syndrome, Familial 
Thoracis Aortic Aneurysm, and vascular Ehlers-Danlos Syndrome [1]. With each of these 
disorders, the underlying material, that is the extracellular matrix (ECM), of the aorta is directly 
affected. Additionally, aortic aneurysms tend to form near complex geometric structures, such as 
ascending aortic aneurysms that form on the curvature of the arch near the coronary branches, 
descending aortic aneurysms that form near the left subclavian artery branch, and abdominal 
aortic aneurysms that form near the renal branches and the iliac bifurcation.  The proximity and 
location of aneurysms are part of the clinical classifications of aortic aneurysms (DeBakey or 
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Stanford) [7]. Thus, clinical criteria for assessing aortic aneurysm mechanics are insufficient, and 
a more detailed understanding of the underlying pathology is necessary to deduce new clinically 
measurable metrics in order to improve patient outcomes. 
 
Figure 1. Aortic Anatomy 
Major Knowledge Gaps: 
Aortic aneurysms tend to form near complex geometric structures. This means that 
describing the mechanics of the ascending aorta is not as simple as treating it as a straight, 
pressurized tube. In fact, it is very difficult to extract the ascending aorta and aortic arch to do 
most physiologically relevant inflation-type experiments, especially in mouse models. Thus, there 
is a need for new ways to assess complex geometric arterial structures like the ascending aorta 
and aortic arch in order to broaden our understanding of exactly how these structures 
concentrate stresses and influence remodeling.  
The aorta in a baby is typically 0.7-1 cm in diameter [8], and over the course of one’s life 
reaches a size near 2.5-3.5cm [3], with aortic aneurysms having a diameter >4.5cm [3]. In 
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addition, given the difference in heights between a baby and an adult, the aorta must lengthen 
immensely during development. Thus, the aorta is capable of large-scale growth and maintaining 
a stable size, which are fundamentally different growth modes. Normal and abnormal growth and 
remodeling of the aorta, however, are driven by the same players: the cells and the extracellular 
matrix (discussed in more detail in Chapter 2). Thus, we might expect growth to be described by 
some universal remodeling law(s). To date, there have been many attempts to formulate such 
universal laws, some of which can accurately capture and predict where, how, and when 
aneurysm may occur on a continuum scale, but none can accurately predict development, 
homeostatic remodeling, and aneurysm in a single model. Existing models typically employ a 
phenomenological bulk growth response and fundamentally neglect certain aspects of the physics 
and biology of the problem, and many disregard failure entirely. Therefore, there remains a need 
to capture underlying physics to explain why some connective tissue disorders lead to aneurysm, 
as well as to provide techniques for assessing the patency and strength of the underlying ECM in 
disease. Thus, it remains important to computationally model and experimentally validate 
vascular mechanics, growth, and remodeling in health and disease to understand the underlying 
mechanisms of aortic aneurysm. 
Summary of Accomplishments: 
• Chapter 3: Mechanical Characterization of Arteries using the Ring Pull Assay 
This chapter focused on developing new criteria to use the ring-pull test for assessment of 
aortic properties. We combined computational models with experimental validation to define 
equations for relating the ring-pull to the planar uniaxial test. The main contribution of this 
work was to suggest the use of large pins relative to the diameter of the aorta to reduce the 
bending of the sample and to focus stress near the center region, rather than near the pins, for 
correct assessment of failure properties. This work also demonstrated a simple set of 
equations for relating the ring-pull to the uniaxial extension test given specific sample 
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geometry and pin size. We further developed a Matlab code to perform the stress analysis and 
the correction of properties which we made available via GitHub. This work contributes a 
new technique for analyzing the simple ring-pull test allowing for more direct property 
comparisons between geometrically different aortic samples. This work provides a thorough 
analysis protocol for assessing property differences in health and disease which has numerous 
applications, probably most notably in therapy screening for aortic disease in mouse models. 
This work resulted in my undergraduate mentee (Carl Schoephoerster) being accepted as an 
undergraduate student paper finalist at the 2019 Summer Biomechanics, Bioengineering, and 
Biotransport Conference (SB3C) in Seven Springs, PA. I presented portions of this work as a 
SB3C2017 poster in Tucson, AZ, and as a virtual lightning talk at SB3C2020. This work 
culminated in a first-author publication in the Society of Experimental Mechanics official 
journal Experimental Mechanics [9]. 
• Chapter 4: Arterial Inflation Testing 
Arterial diseases, including aneurysm, tend to form near complex geometric structures 
making it difficult to parse out the mechanistic effects of geometry from the underlying 
material. This chapter focuses on testing complex geometric arterial structures to decouple 
the geometry from the underlying material behavior. The technique we demonstrated utilizes 
ultrasound to visualize through the structure giving full field images of the deformation 
which we can use to create tissue specific 3D models. We applied this methodology both to 
bifurcations and to mouse aortic arch mechanics, where we demonstrated the ability to gain 
unique insights into what’s happening near branch points and to visualize through-thickness 
parameters. This work utilizes ultrasound for full-field measurements during inflation 
testing. This work is significant because vascular disease tends to affect complex, branching 
structures which can have very different behavior on the luminal side versus the exterior, 
adventitial side. Further, it is also very important we consider the tissue compressibility as 
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tissue is not truly incompressible, and this compressibility can affect the stress state of the 
vessel.  
This work resulted in my undergraduate mentee (John Carruth) winning the undergraduate 
student paper competition at SB3C2016 in Washington, D.C. I presented portions of this 
work at the 2016 Biomedical Engineering Society (BMES) meeting in Minneapolis, MN and 
at SB3C2017 in Tucson, AZ. 
• Chapter 5: Microstructural Growth and Remodeling of the Aorta in Health and 
Disease 
The arterial microstructure is a network of fibers from the fibrous extracellular matrix of 
collagen and elastin to the internal cellular actomyosin networks. To properly understand 
aortic remodeling, we must understand how these various fiber types interact and influence 
one another. To do this, I created a discrete-fiber model of the aortic media. Using this model, 
I simulated various remodeling scenarios including hypertension and several modes of medial 
degradation including loss of smooth muscle contractility and fragmentation of elastin. This 
work highlighted the importance of the microstructure as we were able to match clinical 
criteria for size and growth rate of vessels, but the vessels had major differences in mechanics 
and failure. This technique offers insight into aortic remodeling and failure that many 
continuum models cannot, and it demonstrates a unique tool for studying disease progression 
linked to clinical outcomes. 
This work resulted in acceptance to the Ph.D. student paper competition at the World 
Congress of Biomechanics (WCB) 2018 in Dublin, IRE. Portions of this work were also 
presented at SB3C2019 in Seven Springs, PA as a podium talk and at SB3C2020 as a virtual 
lightning talk. This work was also shared with the broader community at the 2019 Elastin, 
Elastic Fibers and Microfibrils Gordon Conference in Manchester, NH. This work culminated 
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in a first-author publication in American Society of Mechanical Engineers (ASME) Journal 
of Biomechanical Engineering [10]. 
• Chapter 6: The Holzapfel-Gasser-Ogden Model for Network Mechanics 
The major drawback with using network models for mechanical simulations is that they are 
computationally expensive when applied to finite-element simulations as one has to compute 
network solutions for each Gauss point. To get around this computational issue, in this work 
we propose a new coupling technique where we fit network behavior to a model of the HGO-
type to allow for simple finite element solution. We were able to show 1000x speedup with 
our technique while still maintaining the additional information gathered on network 
attributes subjected to specified deformations. This technique offers a straightforward method 
for understanding the ECM as a fiber network. The simple implementation and intuitive 
nature of this method should help drive fiber network multiscale modeling, particularly in 
understanding growth and remodeling.  
This work resulted in a second-author publication in the Journal of Elasticity.  
• Chapter 7: Multiscale Remodelling of Tissue-Engineered Constructs 
Growth and remodeling frameworks should be able to predict bulk growth of a tissue, 
compositional changes in a tissue, and the overall tissue mechanics. Many 
frameworks do this well, but few are able to capture the underlying architecture and 
the failure mechanics. In this work, we demonstrated a discrete-microstructural 
growth and remodeling framework that leverages our previous work coupling the 
network simulations to the HGO model to perform finite element simulations. We 
validated our code against a simple collagen gel experiments. This technique offers 
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many unique insights into remodeling including fiber architecture and failure which 
are important in assessing clinical outcomes from multiscale models.   
I will co-present this work at SB3C2021 as a virtual podium talk. This work is 
currently in preparation for submission to an archival journal.  
8 
 
CHAPTER 2: BACKGROUND  
The Healthy Aorta – Vascular Structure and Function 
The aorta is the largest artery in the vascular system and directs the blood flow leaving 
the heart to the distributing arteries, which, in turn, funnel blood to the peripheral vasculature. 
The aorta is an innervated elastic artery responsible for adding capacitance to the cardiovascular 
system [11]. It accommodates the large impulse of blood ejected from the left side of the heart 
during systole and regulates the flow rate to the rest of the arterial system. The aorta is thus 
capable of large deformations throughout the cardiac cycle.  
To handle the pressures and deformations of the cardiac cycle, the aorta is made up of 
three distinct layers. The tunica intima or intima is the innermost layer of the artery. It consists of 
a basement membrane and a loose array of collagen and elastin fibers covered by an endothelial 
sheet that is directly in contact with the blood flow. The endothelial sheet serves as a selective 
barrier to the blood flow and prevents the adhesion of most molecules, circulating cells, and 
platelets in order to prevent thrombosis and clotting. The endothelial layer also mediates 
contraction of smooth muscle cells in the artery through release of nitric oxide and other 
vasoactive chemicals [11].  
The second layer of the aorta is the tunica media or media. The media is the thickest 
layer, comprising between 50-75% of the arterial wall [12], and is composed of elastin and 
collagen fibers, smooth muscle cells, and fibroblasts. The media tends to organize as ~50 
elastin/collagen sheets with smooth muscle and interlammelar collagen fibers between them [13, 
14]. This repeated structure is known as the medial lamellar unit (MLU). This structure allows the 
artery to expand in order to store energy, but it also provides for active contraction of the smooth 
muscle cells in the collagenous layers as a response to local blood pressure [15].  
The outermost layer of the aorta is the tunica adventitia or adventitia. The adventitia is a 
collagen-rich layer that acts a sleeve around the artery, giving the artery its strength and 
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preventing it from expanding too much. The collagen layer of the adventitia is interspersed with 
primarily fibroblasts and nerve cells. These innervations protrude through the adventitia into the 
media and are thought to signal smooth muscle cells. The adventitia also plays host to the vasa 
vasorum, or the small vessels that supply blood to the outer layers of the artery that are beyond 
the diffusion limit within the arterial wall [11].   
 
Figure 2. Aortic Structure 
Cells and The Extracellular Matrix – Growth, Remodeling, and Stability 
A step down in scale from the arterial wall layers are the cells and the extracellular matrix 
(ECM). The aortic wall is made up of many different constituents, but those most important in 
tissue mechanics, growth, remodeling, and stability are collagen, elastin, smooth muscle cells 
(SMCs), endothelial cells, fibroblasts, and a variety of glycoproteins (GPs) and 
glycosaminoylycans (GAGs) [16]. The ECM in the aorta consists of two main fiber types: 
collagen and elastin. Collagen fibers give the tissue most of its strength. Collagen is secreted by 
cells including fibroblasts and smooth muscle cells and can degraded by many mechanism, but 
the most common are matrix metalloprotease (MMP) activity and phagocytosis. The rate of 
collagen degradation and secretion is intrinsically variable, depending on the system of interest 
and the local microenvironment ranging anywhere from a few minutes (in cases of disease or 
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injury), to a few days (in the case of the periodontal ligament), to a few hundred days (in the case 
of skin) [16].  
Elastin, on the other hand, gives tissue most of its elasticity. Elastin is a small protein that 
forms elastin fibers that tend to form sheets within artery walls [16]. Elastin is most commonly 
cross-linked by the conversion of lysine to aldehydes by lysyl oxidase (LOX), and by the 
extracellular glycoprotein fibrillin-1 [17]. Elastin is very hydrophobic and therefore remains 
stable in the ECM, meaning that the typical lifecycle for elastin in the ECM is on the order of 
years [16].  
The aorta has several cell types, including fibroblasts, smooth muscle cells, endothelial 
cells, and immune cells. The different types of cells each perform different task, but they are each 
known to react to loading. It is widely believed that arteries tend to remodel to maintain a long-
term preferred stress state [16]. In many cases, it is assumed that SMCs and fibroblasts primarily 
respond to tension, while endothelial cells along the lumen respond to shear stress due to the flow 
rate of blood, signaling fibroblasts and SMCs. In any case, the effect is that SMCs and fibroblasts 
react by degrading, reorganizing, and/or synthesizing collagen to return the system to the 
preferred stress state. Further, SMCs also have been shown to operate on a continuum between a 
contractile phenotype and a synthetic phenotype. This phenotypic switching is particularly 
important in development and disease [18]. 
The last constituents we will discuss are the glycoproteins (GPs) and glycosaminoglycans 
(GAGs). The most common mechanical function for GPs and GAGs is the binding of water into 
tissues. This functionality gives tissue its incompressible, and viscous nature [16]. GPs and GAGs 
also tend to function as major matrix linking molecules and mediate many cellular responses as 
discussed below. There are many glycoproteins and glycosaminoglycans that modulate ECM 
remodeling and cellular responses to loading and damage, the most significant of these are 
fibronectin, tenascins, fibrillins, laminin, fibulins, fibrinogen, hyaluronic acid, and heparan 
sulfate. Fibronectin is a large multi-domain GP that primarily mediates the assembly of collagen 
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fibers into a network. Fibronectin also tends to drive cell migration and adhesion by ligand 
binding of integrins on cells to the collagen network [16, 17]. Tenascins, on the other hand, are 
GPs that limit the effect of fibronectin on cell migration. Tenascins are upregulated by high stress 
and tend to create inflammatory, fibrotic responses in the ECM, and they have been shown to 
have a role in elastin fragmentation [17]. Fibrillins are GPs that are significant to elastin fiber 
formation and fragmentation. Fibrillin-1 specifically has a major role in both the formation of 
elastin fibers and the integrin binding of cells to the matrix. Fibrillin-1 also has roles in mediating 
the effect of transforming growth factor beta (TGFB) leading to downstream effects on elastin 
[16, 17]. Another major GP is laminin. Laminin is a large GP with attached GAG chains and is 
important in the formation of basement membranes. Laminin is also known to modulate cell 
differentiation, migration, phenotype stability, and apoptosis [16, 17]. Another family of GPs are 
fibulins. Fibulins’ main roles are in basement membrane formation and adhesion of both 
endothelial cells and SMCs. Fibulins also regulate the response of LOX on elastin fiber formation 
and fragmentation. Additionally, fibulins can mediate cell growth and differentiation, as well as 
angiogenesis [17]. Fibrinogen is yet another GP. Fibrinogen has its primary role in clotting and 
wound healing. This motif carries through to the ECM where fibrinogen is important in cell 
adhesion and inflammatory, fibrotic responses. Fibrinogen also binds a number of growth factors 
including vascular endothelial growth factor (VEGF), platelet-derived growth factor (PDGF), and 
transforming growth factor beta (TGFB) mediating elastin fiber stability and cell growth response 
[17]. Similarly, thrombospondins also lead to fibrosis and regulate cellular response to VEGF, 
PDGF, and TGFB within the ECM. Hyaluronic acid (HA) is a very large GAG that binds a large 
amount of water. It is known to give tissue its viscous, gel-like properties, and therefore has a 
major role in defining the underlying ground matrix mechanics [16]. Heparan sulfate is also a 
large GAG that binds large amounts of water, and is also known to bind and modulate the effect 
of fibroblast growth factor (FGF) potentially causing changes in deposition of matrix components 
[16].   
12 
 
A major cause of remodeling is circulating and interstitial signaling molecules and 
growth factors [16]. Common circulating molecules include acetyl choline (ACh), histamine, and 
thrombin, as well as a number of growth factors. These molecules, along with mechanical 
loading, cause endothelial cells to signal smooth muscle cells, macrophages, and fibroblasts 
through the release of endothelin-1 (ET-1), nitric oxide (NO), prostacyclin (PGI2), angiotensin-II 
(ANG-II), and many other interstitial signaling molecules. Many of these have effects on matrix 
remodeling, cell growth, cell migration, apoptosis, and active contraction of SMCs. Smooth 
muscle cells, macrophages, and fibroblasts also respond to release of ACh and norepinephrine 
(NE) from nerve endings protruding from nerve cells in the adventitia into the media, and are 
dependent on the presence of proteins, lipoproteins, glycosaminoglycans, polysaccharides, and 
proteoglycans like those listed above. Additionally, lysyl oxidase (LOX) and matrix 
metalloproteases (MMPs) have a significant effect on matrix integrity especially through the 
fragmentation of elastin sheets. Other factors causing changes in natural growth and remodeling 
processes are material property changes such as calcification, fibrosis, and elastin fragmentation, 
all of which cause vascular stiffening. The ECM itself also has a direct impact on the sequestering 
and regulation of growth factors which affect aortic remodeling. A detailed review on these 
aspects is given in [19].  
Underlying Physiology and Pathology of Vascular Disease  
The most common cause of aortic aneurysm is cystic medial degradation. Cystic medial 
degradation is the weakening of the media structure of the aortic wall through elastin fiber 
fragmentation and smooth muscle cell apoptosis [20]. This pathology can be caused by local 
material properties changing the underlying mechanisms of artery remodeling, such as in 
hypertension and atherosclerotic plaque formation [21, 22]. Cystic medial degradation can be 
related to age, lifestyle, or genetics. Hypertension and aortic stiffening become increasingly 
common with age but are also dependent on factors like smoking and obesity. Additionally, age, 
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smoking, and obesity can lead to higher incidence of calcifications, atherosclerotic plaques, 
clotting, and restenosis. Cystic medial degradation is also common in many genetic diseases 
including Marfan Syndrome (mutation of fibrillin-1 causing elastin fragmentation), Ehlers-Danlos 
Syndrome (faults in collagen synthesis and/or structure), Loeys-Dietz Syndrome (mutations in 
TGFB causing altered cellular behavior and ECM structure), and Familial Thoracic Aortic 
Aneurysm (FTAA) [17]. In these cases, cystic medial degradation occurs primarily due to 
malformation of the ECM due to underlying genetic mutations that affect connective tissues. 
Bicuspid aortic valve (BAV) tends to lead to aortic root aneurysm with severity depending on a 
combined effect of genetics and hemodynamics [23]. Infection or local tissue trauma is another 
cause of aneurysm. In most of these cases, the local microenvironment is disturbed, and it is 
likely that one would see upregulated fibroblast and macrophage activity, as well as significant 
aortic stiffening.   
Another pathology that sometimes leads to aneurysm is hypertension. In hypertension, 
we tend to see adventitial thickening of the arteries in response to higher pressure [24–27]. In 
atherosclerosis, we see intimal thickening prior to the formation of fatty deposits and calcification 
[28, 29]. In conditions marked by high pulse wave velocity, or the speed of the pulse pressure 
wave due to aortic stiffening, we see increased luminal perimeter. In aneurysmal arteries, we see 
similar increases in luminal perimeter, along with lower cellularity and fragmentation of the 
elastin sheets [30, 31].  
Current Testing Methods in Vascular Mechanics 
 Current testing methods in assessing aortic mechanics focus primarily on planar tests. 
Uniaxial testing using strip or dog-bone samples and biaxial tests using either cruciform or 
rectangular (or square) samples are used to assess mechanical properties [32–34] (Fig. 2). The 
benefit of this type of testing is that the analysis is straightforward. These testing methods, 
however, test the tissues in non-physiologic states, and are destructive to the tissue as a whole. 
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One alternative to using, particularly uniaxial, tests is the ring pull [35–38]. The main benefit of 
this type of test is that the sample preparation and testing method are simple. The downsides are 
that the ring pull is also not a physiologic loading scenario, and the analysis is complex. The 
alternative to these types of tests are inflation tests, where one inflates the entire tissue [39–44]. 
The benefits of the inflation test is that the tissue can be kept intact, and the analysis, if one uses a 
straight section, is straightforward. The drawback is that the testing apparatus is complex and 
requires good imaging modalities, especially for small tissues such as mouse vasculature. There 
are also a number of failure tests that evaluate the strength of cross-layer fibers. One such test is 
the peel test where one initiates a cut in the middle of a tissue, grips each side of the tissue, then 
peels the tissue apart [45]. Another alternative is the lap test where one initiates a cut in the 
middle on each side then grips the top layer on one side and the bottom layer on the other, then 
pulls the sample to failure [45, 46]. For a detailed review of testing methods used for determining 
the mechanical properties of arterial tissues see [47].    
 
Figure 3. Existing mechanical testing methods 
Key Figures in Aortic Mechanics, Growth, and Remodeling 
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 We begin our description of continuum mechanics of arteries with a background on the 
key figures. Y.C. Fung is widely regarded as the father of biomechanics. He was the first 
mechanician to probe the viscoelastic properties of arteries and accurately model their behavior. 
He first described the exponential nature of tissue response to loading. The exponential model is 
now frequently applied to model fibers and is referred to as a “Fung-type” fiber model [16, 48, 
49]. Several key figures have also emerged as knowledge experts in biomechanics following 
Fung. Gerhard A. Holzapfel, Thomas C. Gasser, and Ray W. Ogden first described the cylindrical 
constitutive framework underpinned with a constitutive equation describing tissue as having a 
neo-Hookean ground matrix with “Fung-type” exponential fibers [50–53]. This model is known 
as the Holzapfel-Gasser-Ogden, or HGO model (GOH is also sometimes used) and is described 
below. This model was expanded to account for four fibers (axial, circumferential, and two 
diagonal), and has been used extensively by Jay D. Humphrey to simulate many different types of 
arterial mechanics in both health and disease [54–61]. The advancement of aortic mechanics to 
include growth, remodeling, and maintenance of the ECM was brought to fruition by Richard 
Skalak, Larry A. Taber, Andrew D. McCulloch, Kumbakonam R. Rajagopal, and Jay D. 
Humphrey [62–71].  
Current Models of Vascular Mechanics, Growth, and Remodeling 
 Current models of vascular growth and remodeling all center around continuum 
mechanics. Continuum mechanics treats tissues as time and space averages, ignoring much of the 
discrete minutia of tissues. The power of continuum mechanics is that it can describe systems in 
terms of continuously varying fields, thereby explaining many macroscopic observables 
remarkably well. Continuum mechanics, however, is not a closed theory. It relies on a derived 
mechanical framework coupled with a, typically phenomenological, constitutive equation. Thus, 
though we can describe many systems quite well with continuum mechanics, we do not have a 
means in this framework to describe a system’s behavior starting from first principles on the 
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micro- or nano-scale [72, 73]. Further, continuum mechanics does not lend itself well to 
understanding fiber failure cascades such as are observed in many soft tissue experiments [13, 33, 
74].  
Cylindrical Arterial Framework 
 To begin our discussion of current vascular continuum models, we first outline the 
cylindrical framework that these models operate in most often. This framework follows the 
assumption that arteries are cylindrical in shape and subjected to uniform internal pressurization. 
As with any continuum system, the pressurization of an artery must satisfy the fundamental laws 
shown below, along with the laws of thermodynamics (zeroth law, conservation of energy, and 
law of increasing entropy) [72]. 
1. Conservation of Mass: 
 + 	
 = 0 where 	 is density and 
 is the material 
velocity tensor 
2. Balance of Linear Momentum:  +  	 =  	 where  is the Cauchy (true) stress 
tensor,  is the body force tensor, and  is the material acceleration tensor 
It was observed by Fung that when one slices an artery down its axis, it opens up with some 
angle. Fung postulated that this opening was due to residual stress in the tissue, and put forth the 
following framework for finding the residual stress in an artery based on its opening angle [75, 
76]. Fung referred to this axially cut state as “stress-free”, even though we now know that the 
different layers would have different residual stresses due to the varied microstructure. In any 
case, we can use this approach as a good approximation to the residual stress in an artery. Figure 
2 shows the “stress-free” configuration, the residual stress configuration, and the loaded 




Figure 4. Deformation Mapping from “Stress-Free” (left) to Unloaded (center) to Loaded (right) 
First, we can write the mapping, , from the “stress-free” state to the residual stress state 
 = ;   =  where  = 2"2" − $ ;  % = & 
where R is the closed-cylinder radius, Q is the open artery radius, and $ is the opening angle.  We 
can then write the “stress-free” to residual stress deformation gradient tensor, '.  
' = (( )) +  )*)+, + )-).,  
By applying incompressibility and using the boundary condition at  = /,  = /, we can solve 
for R in terms of Q 
0 = det' = 1 = 4((5 4 5 1 →  = 71 89 − /9: + /9 
where J is the Jacobian of the residual stress deformation gradient, '.    
We can also write the mapping from the residual stress state to the inflated state 
; = ;;   = Θ;  & = =& 
where r is the deformed radius, R is the undeformed radius, and = is the axial z-stretch.  
We then write the residual stress to loaded deformation gradient, '∗. 
'∗ = (;( )?) + ; )@)A + =).)- 
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By applying incompressibility and using the boundary condition at  = /, ; = ;/, we can solve 
for r in terms of R.  
0 = det'∗ = 1 = 4(;(5 B;C = → ; = 71= 89 − /9: + ;/9 
where J is the Jacobian of the deformed deformation gradient, '∗. 
We can combine deformations to get the deformation gradient, ', from the “stress-free” state to 
the inflated state.  
' = ' ∙ '∗ = 1= 4; 5 )?) + ; )+)+, + =).)- 
In the case of artery inflation, we assume there are no external body forces on individual 
material elements and negligible material acceleration. Thus, we can look at a force and moment 
balance on a differential material element to equilibrate our momentum. The differential element 
is shown in Figure 4.  
 
 
Figure 5. A differential element in cylindric inflation (left) and an enclosed end of the artery 
(right). 
From Figure 4, we see that the circumferential and axial stresses will balance, and the moment 
summation through the material centroid can be considered negligible. Thus, we are left with only 
a summation of forces in the radial direction. Manipulation of the radial force balance, allowing 
; to approach zero, gives us our equation of momentum equilibrium.  
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FGHHF? + GHHIGJJ? = 0  
where K?? is the radial stress, r is the radius, and K++is the circumferential stress. 
Similarly, we sum the axial forces assuming the artery is pressurized and capped at the ends as 
shown in Figure 4b 




where L/ is the internal pressure on the end cap surface, ";/9 and K.. is the axial stress. 
The Cauchy stress for a hyperelastic solid given in general form as a function of Green 
strain, E, and the strain energy density function, W is given as  
 = 10 4R ∙ (S(T ∙ RU5 ;  T = 12 8RU ∙ R − V: 
Simplifying, we get the radial, circumferential, and axial stresses for the incompressible, 
viscoelastic cylinder  
K// = =/ FWFXQ − YXQ where  = ;, , & 
where =?, =+ , and =. represent the principal stretches corresponding to the diagonal components 
of the deformation gradient tensor, F. 
Finally, we solve the cylinder inflation problem by applying our boundary conditions: at ; =
;/ ;  K?? = L/ , and at ; = ;\ ;  K?? = 0. We then solve the momentum equilibrium equation for our 
hydrostatic pressure term, L 




The simplest case of boundary conditions for a cylindrical domain subject to no residual 
stresses is the Law of Laplace. To apply the Law of Laplace, we assume the vessel is thin-walled 
such that the circumferential stress is uniform through the thickness. We then use the 
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simplification of these two equations for thin-walled cylinders is the Law of Laplace where 
FGHHF? = _̂ to give 
K++ = `;ℎ  ;  K.. = `;2ℎ 
where P is the internal pressure and h is the wall thickness. 
We also note that these equations can be manipulated based on the boundary conditions to give 
the thick-walled pressure vessel equations proposed by Lamé, which are also commonly used to 
describe arterial behavior. 
Strain Energy Density Functions and Material Constitutive Models 
Strain energy density functions are used to describe the energy stored or transmitted in the 
process of mechanical deformation. A good strain energy density function closely approximates 
the phenomenological behavior of tissues but also maintains physical meaningfulness. A few key 
rules exist to maintain physical meaning in strain energy density functions: (1) If R = V ; S = 0, 
and (2) If R = V and there are no external loads; K = 0 where V is the identity tensor. These rules 
ensure that the equations applied to fit materials within a specified continuum framework satisfy 
balance laws, specifically conservation of energy and momentum.  
 Another important concept dealing with strain energy density functions is continuum 
mixture theory. Continuum mixture theory states that a strain energy function can be made up of 
multiple different strain energy functions representing multiple different components so long as 
the continuum conservation laws are satisfied for the sum of all constituents (i.e. a constituent 
itself does not have to be conservative, but the system must be).  
A particularly useful strain energy density function for arteries is that proposed by 
Holzapfel, Gasser, and Ogden [52, 53]. This model sought to explain the behavior of individual 
artery layer constituents. In this model, the isotropic, ground matrix is described by a neo-
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Hookean term and the anisotropic collagen is described by two separate unit normal vectors a and 
b that describe the fiber orientation. 
S = bcdc − 3 +  f c29 Bexp B98di/ − 1:9C − 1C
9
/jc  ;  dc = k;8l/m: ; di/ = l/mn/nm 
where bc is the neo-Hookean parameter, dc is the first strain invariant, c is the fibrous matrix 
modulus, 9 is the fiber nonlinearity,  l/m = '/o'om is the right Cauchy-Green tensor, di/  is the 
fourth strain invariant of fiber family i, and n/ is the fiber family direction vector.  
Another model that is frequently used to describe the same behavior as the Holzapfel-
Gasser-Ogden model is the four-fiber family model. This model again describes the isotropic, 
ground matrix as neo-Hookean but uses four fiber orientations as described by di/  instead of two. 
Using four fibers gives many more parameters to get a suitable fit. It also more closely simulates 
real arteries since the fiber orientations tend to be distributed and variable, meaning more fibers 
are better able to approximate the underlying fiber distribution.  
These formulations can also be expanded to encompass multiple layers having distinct 
ground matrix and collagen behavior to better capture the different layers of the artery. One 
simply needs to provide the boundary condition that the layers remain attached to each other at 
the interface (i.e. the displacement of the interface is the same for the outside of one layer and the 
inside of the next layer). Additional studies have described the behavior of other constituents such 
as SMCs and GAGs by adding additional strain energy terms [77]. 
Growth and Remodeling Framework: 
Our final discussion will be on current vascular growth models. These models tend to 
expand from the continuum framework and strain energy density discussion above. There are a 
few nuances to these theories, however. We rewrite the conservation laws for growth below.  
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1. Conservation of Mass: 
Q + 8	/
: = pq / where 	/ is density of constituent, , 
 
is the material velocity tensor, and pq / is the mass production or decay of constituent, 
 
2. Balance of Linear Momentum: 8/: =  r in a quasi-static process where  is the 
Cauchy (true) stress tensor of constituent, . 
It is often assumed that the stress follows a rule of mixtures equation (i.e.  =  ∑ t// where 
t/ = 	//	). Under this assumption, the balance of linear momentum only must be satisfied 
globally instead of on a constituent-by-constituent basis [78, 79]. 
 There are two types of growth that are typically modeled in continuum frameworks: 
volume growth and surface growth [70]. In volume growth, each infinitesimal element is said to 
gain mass per some prescribed growth rate. Volumetric growth follows the concept of splitting 
infinitesimal material elements apart, allowing them to grow, deforming them to reassemble the 
tissue, then loading the tissue with some deformation [62, 65, 70]. This decomposition can be 
described mathematically by using a growth deformation gradient tensor, Rv, an elastic residual 
stress deformation gradient tensor, Rw, and a load deformation gradient tensor, Rx. We can then 
write the overarching deformation gradient for the whole process, R = RxRwRv. If we take this 
concept one step further, we can describe growth and remodeling as a cell trying to maintain 
some homeostatic stress, K∗. Then the tissue growth deformation tensor becomes a function of the 
difference between the local stress, K, and the theoretical preferred homeostatic stress, K∗. This 
type of growth description is typically considered valid for the growth of soft tissues [25, 62].  
 The other form of growth is surface growth. Surface growth is the product of deposition 
and resorption of material on a surface. In this type of growth, particles of infinitesimal size are 
deposited on a surface, and the surface boundary grows. This type of growth can be described by 
a surface growth velocity tensor, 
v, which is a measure of the evolving surface boundary y, at 
time k, relative to the initial surface, yP. New particles deposited at time, 0 < { < k, are added to 
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the boundary so that at time, k, we have all particles adhered or resorbed from the surface [62, 
71]. This type of growth is appropriate for describing plaques and calcifications in arteries.  
 These two techniques for describing growth using continuum mechanics outlined the 
general form for modeling growth in biological tissues. These relations have been frequently 
applied to arterial tissues [65, 66, 80–84], where most methods focus on the adaptation of generic 
cylindrical structures to pressure and stretch. Recent work has focused on applying these models 
to increasingly complex geometries (e.g. branching structures or nonuniform shapes) or 
increasingly realistic constitutive relations [25, 26, 93–102, 85, 103, 104, 86–92] accounting for 
the multi-constituent nature and heterogeneity of the arterial wall. Additionally, recent work has 
sought to understand the interaction between tissue-engineered constructs and native tissues as in 
[105], with the idea that such models can be used as a preclinical tool for assessing outcomes of 
tissue engineered implants [92, 96, 106].   
Fiber Network Mechanics: 
Continuum models are an excellent framework for understanding arterial mechanics and 
growth, but they rely on phenomenological constitutive relations which disregard the physics of 
the fibrous ECM [72]. Therefore, there is a fundamental disconnect between what one would see 
in the tissue microstructure and the parameters one might extract from a tissue-scale experiment. 
Continuum mechanics allows us to quantify the change of tissue strength in health and disease 
(i.e., we can describe cystic medial degradation through the scale of the parameters in our 
constitutive model). However, with continuum models, we cannot scrutinize the effects of 
discrete fiber or network changes, like those observed in disease states. Thus, we need better 
mechanical models of realistic network architectures to serve as the foundation for probing tissue-
scale mechanics. We must ensure that we are not blurring discrete effects through time- and 
space-averaging because we then lose the specificity of our conclusions. 
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 Ideally, we would be able to explain different modes of growth and remodeling by 
simple adjustment of the network architecture and stress conditions. It is important to model and 
study vascular mechanics, growth, and remodeling in health and disease using models more 
rooted in the underlying physiology to discern the mechanisms of aortic aneurysm. There have 
been many advances in modeling the ECM directly as a fiber network composite [45, 107–112], 
which will be discussed in more detail in Chapters 5, 6, and 7. Briefly, in constrained mixture 
theory of continuum mechanics, one defines the mass fractions of individual constituents such 
that each constituent has its own associated mass fraction (or volume fraction) such that 
t| = 1 ] / = 1 f // = f t//  
where t| is the total solid volume fraction, v is the tissue volume, / is the volume of constituent 
i, and t/ is the volume fraction of constituent i. It is further assumed that the constituents 
themselves are independent, but constrained to move together such that 
K}~' = 1 ] K}~/ ' = 1 f K}~/ '// = f t/K}~
/ '/  
where K}~ is the total Cauchy stress, ' is the deformation gradient, and K}~/  is the stress of 
component i. If we further manipulate this relation, such that we account for all constituent fibers, 
we get the volume average theory relation for Cauchy stress in a fiber network composite 
K}~' = 1 f KYY = 1 f 
Y
nY nYYY =
1 f YYY  
where Y is the force in fiber p, nY is the deformed cross-section of fiber p, and Y is the 
deformed length of fiber p. Further efforts have sought to apply remodeling in ECM networks to 
discern any multiscale phenomena that continuum models may be unable to capture [113–115]. 
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These past models have focused mainly on networks of one type and have, for the most part, 
neglected the direct interactions among ECM constituents, which are critical in the remodeling 
signaling cascade. 
CHAPTER 3: MECHANICAL CHARACTERIZATION OF 






















 Copyright Notice: 
26 
 
The author acknowledges Springer Nature as the original publisher of the following work which 




Background: The ring-pull test, where a ring of tissue is hooked via two pins and stretched, is a 
popular biomechanical test, especially for small arteries. Although convenient and reliable, the ring 
test produces inhomogeneous strain, making determination of material parameters non-trivial. 
Objective: To determine correction factors between ring-pull-estimated and true tissue properties.  
Methods: A finite-element model of ring pulling was constructed for a sample with nonlinear, 
anisotropic mechanical behavior typical of arteries. The pin force and sample cross-section were 
used to compute an apparent modulus at small and large strain, which were compared to the 
specified properties. The resulting corrections were validated with experiments on porcine and 
ovine arteries. The correction was further applied to experiments on mouse aortic rings to determine 
material and failure properties. 
Results: Calculating strain based on centerline stretch rather than inner-wall or outer-wall stretch 
afforded better estimation of tissue properties. Additional correction factors were developed based 
on ring wall thickness H, centerline ring radius Rc, and pin radius a. The corrected estimates for 
tissue properties were in good agreement with uniaxial stretch experiments. 
Conclusions: The computed corrections improved estimation of tissue material properties for both 
the small-strain (toe) modulus and the large-strain (lockout) modulus. When measuring tensile 
strength, one should minimize H/a to ensure that peak stress occurs at the sample midplane rather 
than near the pin. In this scenario, tensile strength can be estimated accurately by using inner-wall 





The mechanical characterization of biological soft tissue can be done in many ways (for an 
overview in the cardiovascular space, see [47]). However, as the scale of the biological samples of 
interest becomes smaller, numerous challenges arise for most testing modalities (e.g. planar 
uniaxial and biaxial). The effects of handling and preparation are amplified as it becomes more 
difficult to make samples of uniform dimensions. Gripping the sample becomes difficult and 
removes a large portion of tissue from the test. Edge effects become important and can pollute the 
measurement. The necessary precision of testing machines goes up and costs can rise to prohibitive 
levels. 
As a result, there are two mainstays in the mechanical characterization of very small (mm 
or smaller) biological tissues: indentation (or atomic force microscopy (AFM)) and ring pull tests. 
In the case of natural ring shapes, such as arteries, the ring pull test has several distinct advantages: 
1. Ring-pull tests load the tissue circumferentially, which is typically in line with the physiologic 
load state. 2. Ring tests are simple in both gripping and testing, and do not require specialized 
machinery to do (one can even do such tests on a lab weigh scale). 3. Ring tests are high throughput 
and repeatable because the sample preparation and test are straightforward. 
Ring-pull tests, also called uniaxial ring tests, are appropriate for all types of cylindrical 
and spherical tissues. A schematic of a ring-pull test is shown in Fig. 5. Ring-pull tests are 
particularly well suited to small, branched structures because the segmentation of rings allows one 
to analyze mechanical properties locally without the use of complex inverse finite element (FE) 
methods. The ring test also lends itself well to assays of passive and active properties of tissues 
from the cardiovascular, digestive, or respiratory system. A list of systems that ring tests have been 
used to study, by no means exhaustive, is shown in Table 1 (see Fig. 5 for definition of measures).  
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Unfortunately, there is no precisely defined strain mapping for the ring pull test, which 
means one cannot simply fit a material model in a theoretical framework to an experiment [117]. 
Van Haaften et al. [37] investigated the validity of the uniaxial approximation and proposed a 
correction factor in the context of linear, isotropic materials. They concluded that the uniaxial 
approximation breaks down in the case of thick rings and is correctable for linear, isotropic tissues 
at <5% strain. Although the linear analysis is informative, soft tissues operate at strains much larger 
than 5% in almost all cases (see Table 1). Tissues also typically exhibit nonlinear, or at least 
bilinear, material behavior characterized by a small strain (toe) region, a distinct transition strain 
(or stretch), and a large strain (lockout) region1. The nonlinear behavior of tissues can also affect 
the results because the ring pull test is not a pure extension of the tissue due to bending caused by 
the pin grip. The typical planar strip uniaxial test is a much better approximation of a pure 
extension. Additionally, if we consider small samples like the carotid artery or very thick tissues 
like ventricular rings of the heart, we need corrections that are not extrapolated, but are verified by 
experiment in the extremes. 
Furthermore, the ring test is often used to analyze failure properties of samples [118–120]. 
It is therefore important to consider the heterogeneity of the ring-pull deformation, along with 
geometric factors that may concentrate stress. Particularly, when reporting failure strain, one must 
be aware that the actual strain in the region of failure initiation is often very different than the 
calculated nominal strain of the sample. The same is true of the failure stress. Failure stress is 
reported as the mean stress of the sample at failure, which, for a uniaxial test tends to be a good 
approximation of the maximum stress. However, for a ring test, the deformation is not 
homogeneous, and we must account for the stress difference across the sample.   
                                                           
1 The large-strain portion of the stress-strain curve is often called the linear regime, but we use lockout to 
avoid confusion with linear material models. 
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The goal of this work is to create a simple geometry-based strategy for converting force-
displacement data from uniaxial ring tests to a corrected uniaxial extension allowing for 
quantitative assessment of circumferential material and failure properties. To accomplish this goal, 
we use computational models to assess the uniaxial approximation for rings composed of nonlinear, 
anisotropic materials under large strains, analyze the effect due to wall thickness and pin (hook) 
geometry, and propose purely geometric corrections for small-strain modulus, transition strain, and 
large-strain modulus. We propose a strategy for pin selection and offer an approach for determining 
failure properties. We then validate our approach using both ring test and uniaxial strip extension 
experiments on porcine and ovine arterial tissues, and apply our failure approximation to ring tests 
of murine aortic tissue.  
Methods: 
Our approach has three primary components outlined in the subsections below. First, we 
performed finite element analysis of the ring pull test for a range of ring radii, ring thicknesses, and 
pin radii to assess the behavior of an anisotropic, nonlinear material under a range of geometric 
conditions. These computational models were used to construct a geometric correction function for 
converting nominal material properties assessed from ring-pull tests to the equivalent material 
properties that would be assessed from strip uniaxial extension. Second, we performed ring-pull 
experiments on various arterial tissues in several animal models using multiple pin sizes when 
possible. We used these experiments along with the correction function to predict the uniaxial 
extension behavior. We then assessed and validated our correction by performing uniaxial 
extensions of the cut and opened ring strips. Third, the computational and experimental data were 
analyzed and compared as described in the final subsection.  
Computational Model 
A finite element model (Fig. 6) of the ring pull experiment was created using PreView 
2.1.1, solved using FEBio 2.9.1, and visualized using PostView 2.4.4 [121]. Briefly, the model was 
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created using a ring represented as a quarter of a hollow cylinder sliced in half longitudinally to 
invoke one-eighth symmetry. A rigid body was created in the ring to mimic the pin. The pin surface 
was prescribed as a node-on-facet sliding contact with the ring sample inner surface, neglecting 
friction between the surfaces. An augmented Lagrangian formulation was used with two-pass, 
automatic penalty for contact. The faces on symmetry planes were held on their respective planes 
but allowed to slide along the plane. A displacement was prescribed to the ring surface opposite 
the pin to mimic the experiment. The pin was meshed using 33,600-122,300 hex8 elements 
depending on pin diameter, and the ring sample was meshed using 42,000-90,000 hex8 elements 
depending on ring thickness. The material model for the ring was an uncoupled elastic mixture 
consisting of a nearly incompressible neo-Hookean solid and an exponential fiber family oriented 
circumferentially around the ring. The strain energy density, S, for this model is:  
S = lcdc − 3 + 9 exp B$8=9 − 1:9C − 1 + c9 09   Eq. 1 
where: lc is the ground matrix modulus, dc is the first strain invariant,  is the fiber modulus, $ is 
the fiber nonlinearity,  is the ground matrix bulk modulus, and 0 = det R where R is the 
deformation gradient tensor. In the ring simulations, parameters of lc = 50`n,  = 10`n, $ =
1.0,  = 75 `n were used. These parameters were taken from assessment of the uniaxial porcine 
abdominal aortic samples as described in the Experimental Protocol subsection. The value of the 
bulk modulus, , was chosen to make the material nearly incompressible. It is noted that since the 
material is nonlinear, the term “modulus” refers to the modulus in the limit of infinitesimal strain.  
Sample Preparation  
Tissue samples from three animal models were used in this study. Healthy 6-month-old 
sheep and pig tissue samples (abdominal aorta and carotid) were procured from the Visible Heart 
Lab (Department of Surgery, University of Minnesota, Minneapolis, MN, USA) immediately 
following euthanasia for other studies. The samples were trimmed of perivascular connective tissue 
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then sectioned axially into ~6mm rings. The rings were then equilibrated in 1x PBS for 12 hours to 
ensure investigation of only passive mechanics of the tissue. Immediately prior to testing the ring 
dimensions were measured optically using a digital camera and analysis software, FIJI [122].    
Wild-type (C57BL/6J) mice were procured from the Provenzano Lab (Department of 
Biomedical Engineering, University of Minnesota, Minneapolis, MN, USA) immediately 
following euthanasia as a part of colony maintenance. The heart, lungs, and aorta were excised en 
bloc. The lungs were removed, and the aorta was trimmed of perivascular connective tissue. The 
aorta was then placed in 1x PBS and allowed to equilibrate for 12 hours as above. Immediately 
prior to testing, the aorta was sectioned axially into ~1.5mm rings from the descending arch to the 
renal artery branches. The dimensions of each ring were then measured as above.    
Experimental Protocol  
Ring-pull tests were performed on all tissues. Sheep and pig tissues were tested using a 
custom ring pull grip apparatus where the pin diameter could easily be altered by replacing a sleeve 
(Fig. 7A). This flexibility allowed us to investigate the effect of relative pin to ring size on the 
overall tissue behavior. Each sample was placed so that both pins passed through the lumen of the 
vessel (Fig. 7A). The pins were lubricated using canola oil to reduce friction between the tissue and 
the stainless-steel pins. Lubrication is particularly important for larger pins where more sliding is 
necessary as the tissue stretches. Samples were kept hydrated during tests by pipetting 1x 
phosphate-buffered saline solution (PBS) across the sample width. The samples were immersed in 
1x PBS between tests. A uniaxial testing machine (TestResources Inc., Shakopee, MN, USA) with 
a 45N load cell (sheep and pig aorta) or a 5N load cell (carotid artery and mouse aorta) was used 
to perform the circumferential uniaxial tests. The samples were preconditioned on the largest radius 
pin for 5 cycles to 50% nominal engineering strain, then uniaxial ring tests were performed for each 
subsequent pin size at 0.6% strain per second to a nominal engineering strain of 65%. After 
completion of ring testing, the rings were cut open and allowed to equilibrate for 60 minutes in 1x 
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PBS. The opening angle was measured immediately before the sample was placed in a uniaxial 
setup consisting of two grips that clamped the tissue using low-grit sandpaper to prevent slipping 
(Fig. 7B). The uniaxial experiments were conducted in the same way as the ring-pull tests with 
preconditioning cycles to 50% engineering strain and a uniaxial pull to 65% engineering strain.  
Due to the small size, mouse aortic rings were only tested in the ring test configuration. 
They were loaded at a strain rate of 1% per second and pulled to failure. Hydration was maintained 
as above. 
For a subset of the sheep aortic rings, ultrasound was used to image the cross-section of 
the ring samples at several stretches. The samples were submerged in a 1x PBS bath and imaged 
using a VEVO2100 small animal ultrasound machine (FUJIFILM VisualSonics Inc., Toronto, ON, 
CA) with a 30MHz transducer.  
Data Analysis 
For the ring samples, the centerline lengths were used to calculate the kinematics of the 
tissue. This approach differs from typical measures which use either the pin-to-pin distance from 
the flattened state to the stretched state, which equates roughly to using the inner luminal surface 
stretch, or that proposed by Van Haaften et al. [37], which uses the external surface stretch. 
The deformed thickness, h, was calculated by assuming that the transverse stretches, =, (i.e. in the 
thickness, H, and width, W, directions) were equal to one another, and that the tissue volume was 
conserved (i. e. the Jacobian,  0 = 1 = =c=9= = =c=9) (Eq. 2). Under that assumption, the volume 
conservation can be simplified to a cubic function of = (Eq. 3), which is easily solved using any 
root finding algorithm.  
P =  = "8/ + 9 − /9:S = "n + =9 − n9=S + 2==S  Eq. 2 
0 = "9= + 2"n + =9 − 2"    Eq. 3 
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Once h and therefore L were determined, the stretch of the centerline was calculated as 
=c = /P. The stretch was used to assess the engineering strain, c = =c − 1 for the corresponding 
PK1 stress ( c̀c = 'c/P) where c̀c is the circumferential PK1 stress, 'c is the force in the 
direction of stretch, and P is the undeformed sample cross-sectional area.  The average PK1 stress 
was calculated for the midplane region of that sample assuming that each side of the ring held half 
the total force on the pin.  
It should be noted that the analysis performed here uses the assumption of equal transverse 
stretches and incompressibility which are approximations. It should also be noted that a uniaxial 
extension cannot elucidate full-field mechanical properties because it only tests one direction at a 
time. In this case when we refer to the vessel properties, we refer to the circumferential material 
properties around the vessel wall. 
In the assessment of circumferential mechanical properties for this paper we chose to use 
the small strain (toe) modulus, the large-strain (lockout) modulus, and the transition strain as our 
metrics of material behavior. The distinct benefit of these properties is that they allow for intuitive 
assessment of material behavior, as well as allowing one to reconstruct rough stress-strain curves 
for the material simply. The assessment of these properties was performed by taking the small-
strain modulus between 5% to 20% engineering strain for uniaxial cases and 10% to 25% 
engineering strain for ring tests. The reason for the different limits between the uniaxial and ring 
tests is that the ring test is that the ring test is characterized by a region of flattening from the ring 
shape to an ellipsoid where there is very little tissue stretch, and the deformation is mostly bending. 
This happens typically in the range of 0-5% centerline stretch. The large-strain modulus was taken 
for average PK1 stress ranges between 200kPa and 350kPa for aortic samples, and between 150kPa 
and 300kPa for the carotid artery. These ranges were selected based on the stress range of roughly 
linear modulus at large strains as assessed from preliminary data from uniaxial extensions on the 
different tissue types. The moduli were fit to a line using MATLAB2019a (Mathworks Inc., Natick, 
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MA, USA) where the slope is the modulus. The intersection of the small-strain line and the large-
strain line is defined as the transition strain (Fig. 8).  
Results: 
Computational Model 
The first question considered was whether the stress-strain curve estimated from the pin 
force per midplane cross-sectional area and the average tissue strain was a good estimate of the 
actual stress-strain behavior of the tissue. We started by analyzing luminal surface strain, centerline 
strain, and exterior surface strain as metrics for stress-strain behavior for the material (Fig. 9). In 
Fig. 9, the black line is the true material behavior in uniaxial extension, and the colored lines 
represent the strain estimate for different tissue thicknesses. Using the luminal surface strain shows 
a much less stiff material behavior than the true behavior because the luminal strain is higher for 
any given force (Fig. 9A). The centerline strain estimation shows a better approximation, but still 
consistently underpredicts the tissue stiffness relative to uniaxial (Fig. 9B). The exterior surface 
strain shows stiffer material behavior than uniaxial because the exterior strains are much lower for 
any given force (Fig. 9C).  All strain measures consistently underpredict small-strain modulus due 
to the importance of bending, particularly as the tissue thickness increases. 
To analyze the stress-strain estimations further, we examined the strains across the sample, 
as shown in Fig. 10. There was large variability in the strains from exterior (outer) surface to 
luminal (inner) surface for a given nominal stress. The inner surface begins stretching as the pin 
begins to move and the ring, viewed from the top, begins to flatten into an oval shape. The 
stretching begins generating force even before the mean stretch ratio of the tissue departs from 
=c = 1. The outer surface lags the inner surface because it requires more pin movement to begin 
stretching. In fact, as shown in Fig. 10A, the exterior surface goes into compression for a short 
period as the ring begins to flatten (shown by blue arrows). As the ring deforms there is initial 
bending that transitions to stretching. Thus, we should expect a stress profile that looks like a 
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bending deformation (tension on one surface and compression on the other) followed by uniaxial 
extension (tension on both surfaces albeit of different magnitudes). Furthermore, a volumetric 
effect arises due to incompressibility, and the tissue in the midplane region deforms from a 
rectangle to a C-shape. This happens because the higher stretch on the inner surface causes a larger 
transverse compression on the inner surface relative to the outer surface. As a result, the ring height 
decreases more on the inner surface causing the cupping shown in Fig. 10B. 
Another goal of this work was to investigate the maximum stresses the tissue undergoes 
during deformation in different ring-pull configurations. Stress concentrations are important 
because one often wishes to estimate failure properties from the ring-pull test [118–120]. As shown 
in Fig. 11, for small pin sizes, the stresses concentrate around the back of the pin. This is intuitively 
demonstrated using Euler beam theory, which we acknowledge is valid neither for large 
deformations nor for nonlinear material behavior, but which serves for illustration of the principle. 
For a beam of rectangular cross-section, the bend radius is given by  = d/ where  is the 
Young’s modulus, d is the moment of inertia, and  is the internal moment. The maximum stress 
in a linear beam subjected to such bending is K =  B 9C /d. If we then require that K <
K/~¡?, we see there exists a minimum bend radius which gives us a theoretical minimum pin 
radius where our assumptions of stretch are valid: n ≥  B 9C /K/~¡? and /n ≤ 2K/~¡?/. 
Using this approximate expression, failure properties from [46], and our own values for thickness 
and large-strain modulus in pig aorta, we get /n ≤ 22.75`n/2.42`n = 2.3. For larger 
values of /n, stress concentrates on the back-side of the pin which would likely cause failure at 
the pin, and not in the midplane region (Fig. 11A & 11B). If one avoids this condition by using 
/n < 1, the stresses do not concentrate around the pin, but instead reach a maximum on the inner 
surface of the ring at the midplane region (Fig. 11C & 11D). One can also accurately estimate the 
luminal stretch at that region as =~¡¥ = 2"n + 2/2"/. Once one knows the stretch at 
failure, one can calculate the stress at the luminal surface using our fitted (corrected) material 
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properties. This approach gives us a much more accurate measure of failure stress than the mean 
stress over the sample since the initiation of failure happens at the luminal surface.  
Experiments  
The first objective of the experiments conducted was to determine whether our model was 
consistent with the behavior of the tissue. We confirmed that qualitative deformation features of 
our model were also evident in tissue using high resolution ultrasound of a sheep aortic ring sample 
at different stretches as shown in Fig. 12. Midplane images (Fig. 12, top row) demonstrate how 
stretching the sample causes the same C-shape cupping as in the simulation (Fig. 12B). The tissue 
in contact with the pin also compressed in the thickness direction while being stretched 
circumferentially, forcing the tissue into a trapezoidal shape (Fig. 12, bottom row). The shape 
change is consistent with what we see near the pins in the model (Fig. 10). 
To assess the need for correction, we ran experiments on various arterial tissues in several 
animal models as shown in Fig. 13. Where applicable, the uniaxial pull is shown in black and each 
pin size is shown in a different color. Our results indicate that thicker, smaller diameter tissues 
exhibit markedly different stress-strain behavior in the ring-pull relative to the uniaxial experiment, 
especially in the small-strain region. We also note that, for sheep aorta and carotid, the transition 
strain is significantly different for the ring compared to the uniaxial (Fig. 13B & 13C). The mouse 
aortic rings had no uniaxial equivalent as they were stretched to failure (Fig. 13D).   
Material Property Corrections 
Correction factors for small-strain modulus, large-strain modulus, and transition strain 
were obtained from simulations. The rings used in the simulations had dimension in the range of 
 = 0.40-0.70 mm and  = 0.035-0.20 mm. The pins had radii in the range of n = 0.02-0.20 mm. 
Overall, 50 simulations were performed over this range. For each simulation, the small-strain 
modulus was calculated. For models using small pins however, the simulation was unable to reach 
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large deformations due to numerical instability. Therefore, we only used 37 data points for the 
large-strain modulus and transition strain.  
To investigate the role of geometry on the mechanical properties, we use two dimensionless 
quantities. The first is the ratio of ring thickness to centerline radius: /. As this ratio approaches 
zero the bending rigidity of the sample goes to zero and the test approaches a uniaxial stretch in the 
limit of zero friction. The second quantity is the ratio of ring thickness to pin diameter: /n. This 
dimensionless parameter relates to the ability of the ring to form around the pin as discussed above.   
We introduce a functional limit and two fundamental limits for dimensions of the ring and 
pin. The functional limit is that two pins of radius n must fit in the ring lumen so that  − /2 ≥
2n. This limit is shown in Fig. 14 as a dashed line. The fundamental limit is if one used two semi-
circular D-shaped pins, we must have  − /2 ≥ n. This limit is shown in Fig. 14 as a greyed 
area. Since the inner radius of the ring must be greater than zero, an additional limit is that / <
2. 
The ratio between ring and uniaxial measurements for the two nondimensionalized 
parameters, / and /n, are shown in Fig. 14. The small strain modulus (Fig. 14A) is 
consistently underpredicted especially for values of 
 ¦ > 0.3, because of the strain inhomogeneity 
for ring tests. Furthermore, the small-strain modulus demonstrates strong nonlinear dependence on 
both nondimensional parameters. In contrast, the large-strain modulus (Fig. 14B) is overestimated 
when / is greater than 0.3 for moderate /n values, but is underestimated for moderate / 
values and large /n values. The large-strain modulus shows similarly strong nonlinear 
dependence on both quantities. The transition strain (Fig. 14C) shows a consistent increase with 
increasing / and a decrease with /n. The transition strain shows more linear dependence on 
/. Thus, the effect of a thick-walled sample (relative to radius) depends on the size of the pins 
being used to perform the ring pull. There is a window (/n ∈ [0.5,1.5] and / ∈ [0.15,0.3]) 
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where the estimations are close to the true parameters and the parameter ratios near unity. The ratio 
/ is out of the experimenter’s control, but the choice of pin size can be optimized to estimate 
the material parameters accurately. Arteries tend to have / in the range of [0.15-0.35].  
Each contour plot in Fig. 14 was fitted to a bivariate cubic function as given in Eq. 4. The 
parameters which were nearly zero, or whose range at 95% confidence included zero were removed 
from the fit.  Table 2 shows the fitted coefficients along with their 95% confidence intervals.  Root 
mean squared error (RMSE) is shown for the fit and can be interpreted as the fraction of error not 
accounted for by the geometric correction. 






                                       Eq. 4 
Thus, we propose the following correction equations for determining material properties from ring-
pull tests (Eq. 5A-C). 
®̄ Q°±®²°Q ≈ 1 − 0.042 B C9 + 0.214 B  ¦C B C9 − 1.552 B  ¦C9 B C  Eq. 5A 
´̄ Q°±µ́°Q ≈ 1 + 0.094 B C9 − 0.627 B  ¦C B C9 + 2.359 B  ¦C9 B C  Eq. 5B 
¸¹̄ Q°±¸¹µ°Q ≈ 1 + 0.358 B  ¦C − 0.054 B C    Eq. 5C 
Validation 
We fit each experimental tissue to our bilinear model, and the results are shown in Fig. 15. 
The uniaxial extension test was treated as the ground truth. The ring-pull small-strain moduli (Fig. 
15A) show large errors when compared to the uniaxial data. Particularly, the aortic samples show 
that the luminal and exterior stretch estimates are poor with the exterior stretch overpredicting the 
modulus and the luminal stretch underpredicting the modulus. The centerline estimate, however, is 
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reasonably good. The carotid sample, on the other hand, shows that inner and centerline estimations 
underpredict the modulus, but the exterior estimate is good. It is important to note these differences 
because the aortic tissues are thin-walled while the carotid is relatively thick-walled by comparison 
(i.e. / is much greater for the carotid than for the aorta). Therefore, no single estimate (luminal, 
exterior, or centerline) provide correct estimates of small-strain modulus. We were, however, able 
to correct the small-strain modulus for both the aortic samples and the carotid samples. The 
correction shows that the error becomes almost constant across all ring sizes indicating that we 
have removed the geometric effects and are now only left with systemic error. The results for large-
strain modulus (Fig. 15B) show that, for aortic samples, the exterior surface stretch tends to 
overpredict the modulus while the luminal surface stretch tends to underpredict the modulus. In the 
aortic samples, the centerline tends to be a reasonably good estimate of the modulus. The carotid 
data shows that the exterior and centerline stretches tend to overestimate the modulus, while the 
luminal stretch serves as a good approximation. The corrected large-strain modulus showed little 
change from the uncorrected value (<5%) for both the pig aorta and sheep aorta, but showed a 
marked improvement (>40%) for the sheep carotid (Fig. 15B). For the transition strain, we saw 
little change comparing the corrected value to the uncorrected value with large error throughout. 
We did see a large improvement in the sheep carotid data (>15%), but the corrected transition strain 
was still 51% above the uniaxial value. We presume the transition strain was polluted by residual 
stress effects due to testing an intact ring versus an opened, flattened uniaxial sample.   
Across all tissue types there is little change in the correction of aortic samples, but there is 
a significant improvement in modulus estimation for the sheep carotid artery samples shown by the 
grey arrows in Fig. 15. Particularly, we see that the small-strain modulus for the sheep carotid 
artery, when corrected, approaches the exterior surface estimate while the large-strain modulus for 
the sheep carotid artery approaches the interior surface estimate. This shows that our correction, 
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for a thick-walled tissue such as the carotid, is a vast improvement over any single estimate alone 
(i.e. using the luminal surface, exterior surface, or centerline without correction). 
Failure Property Estimation 
The mouse ring pulls had no uniaxial equivalent because of the challenges arising from 
uniaxial testing of very small tissue samples as described in the Introduction. All data in this section 
are reported as mean±95% confidence interval for n=30 samples. The uncorrected values for small-
strain modulus and large-strain modulus were 0.304±0.065 MPa and 1.883±0.209 MPa 
respectively. The uncorrected transition strain was 0.397±0.048. The values for / and /n 
were 0.159±0.039 and 0.516±0.088 respectively. These values are relatively small meaning the 
tissue has a relatively thin wall (which places the corrections in the lower left corner of Fig. 16), so 
the ring-pull is close to a uniaxial test.  From our correction equations, we would expect the small-
strain modulus to be 0.311 MPa, the large strain modulus to be 1.829 MPa and the transition strain 
to be 0.385.  
The ratio of tissue thickness to pin radius /n = 0.516 was small enough that we can 
estimate the failure stress and strain at the midplane (as demonstrated by the computational model 
and confirmed through experiments). The calculated central strain at rupture was 0.999±0.145 
while the luminal strain at rupture was 1.107±0.166. If we look purely at the experiment, we get a 
mean PK1 stress at failure of 1.254±0.538 MPa.  However, if we use the average properties 
obtained for the mouse aorta as given above, we get a PK1 stress at failure of 1.440±0.591 MPa. 
These results are in agreement with previously reported values of uniaxial failure for mouse 
descending thoracic aorta [118]. There is a difference of 14% between the two failure stress values, 
even though the wall thickness to radius ratio is relatively small (/ = 0.159). This would 
indicate that, even in the case of relatively thin samples, one should use the luminal surface stretch 




Our model accurately captures the kinematics of the ring pull test, including the unfolding, 
flattening behavior, and C-shape deformation of the center region shown in ultrasound imaging 
through the cross section (Fig1. 10, 12). Furthermore, we showed that as an approximation for 
average strain, one can use the centerline stretch estimated using a transverse stretch calculated by 
assuming incompressibility. This approximation has distinct advantages over using either the inner 
surface, which vastly underpredicts the uniaxial stress-strain curve while overpredicting the 
transition strain, or the exterior surface, which underestimates the small-strain properties, 
overestimates the large strain properties, and underestimates the transition strain (Fig. 9). The 
estimation of centerline stress-strain still underpredicts the small-strain modulus and overestimates 
the transition strain, but the curves are much closer to the uniaxial stress-strain curve than those for 
either of the other measures (Fig. 9B). Additionally, any of these stretches can be estimated using 
the assumption of incompressibility with no additional data beyond the force-displacement data 
one would ordinarily obtain.    
To predict failure of ring samples, one needs to know the maximum stress the sample 
experiences. We have shown that there exist two possible peak stress locations: the luminal side of 
the central region and the exterior side directly behind the pin (Fig. 11). Additionally, we posit the 
existence of a minimum bend radius of the material, which greatly changes the kinematics of the 
ring pull test as we approach it. The problem of bending around the pin is complicated by the fact 
that the material has some initial curvature, the material is nonlinear, and the material is stretched 
over the pin rather than being in pure bending. These three issues mean the neutral axis and 
minimum bend radius are not easily calculated, but we present a simple, albeit oversimplified, 
analysis that indicates that the minimum bend radius and thus pin size is an important consideration 
in the testing of ring pull samples.  
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In this work, we propose several equations for correcting ring pull test properties to uniaxial 
properties (Eqs. 14A-14C), which show the unaccounted for error from this geometric correction 
to be from 3% to 9%. Our data show that the small-strain modulus is the most affected property 
across the range tested (Fig. 14A). We also note that the corrections are most significant when 
/ is large (Fig. 14A-C). In the cases of the aorta in pig, sheep, and mouse, the corrected 
properties are very similar to the uncorrected because we are operating in the range of /  =
0.15 − 0.25 (Fig. 13). We also show that the overall error in small-strain modulus becomes nearly 
the same across pin sizes for each tissues tested. This indicates that we have mitigated the error due 
to these geometric effects, but we are still left with some unaccounted-for error. This error could 
be due to the material properties, especially the nonlinearity, or due to other factors such as residual 
stresses. In the correction for the sheep carotid, where /  = 0.50, significant improvements are 
made in matching the uniaxial properties for all extracted parameters. Thus, for thick-walled 
structures like the ventricle or small arteries, one should use such corrections to attain quantitatively 
correct properties. In addition, we proposed the use of mean properties assessed in this way to 
determine a corrected failure stress. We have shown that for a pin of large enough size, one can 
expect failure to initiate from the midplane region of the ring. Thus, one can estimate the strain at 
failure on the inner surface and use this strain to give a corrected failure stress from the average 
material properties.    
  The most relevant and similar work to this is that of van Haaften et al. [37] for ring tests 
on linear, isotropic materials. Their proposed correction was validated for small strains (<5%), but 
they did not address transition strain or lockout modulus. They propose using the exterior ring 
surface stretch as it becomes linear in strain for tests on linear materials once the ring transitions 
from the initial bending to the stretch dominated deformation. However, almost all biological soft 
tissues do not abide by this principle since they are nonlinear and anisotropic. In fact, even the 
validation tissue used for the experiments of van Haaften et al. are nonlinear. Comparing our data 
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to those of van Haaften et al., we see that our small-strain and large-strain modulus corrections 
bookend their proposed correction (Fig. 16). Additionally, the effect of material nonlinearity is 
quite pronounced, especially for thick-walled tissues where our correction diverges from van 
Haaften et al.  
Finally, we emphasize that this work is designed for arterial samples which have broadly 
similar behavior to one another. If we attempt to apply this relation to samples that are much stiffer 
or much more compliant we may expect the relation for correction to change with respect to 
thickness (i.e. a more compliant material is less affected by the bending than a stiffer material would 
be especially in thicker rings). However, the trends will remain the same in that as the tissue 
thickness increases we will observe reduced small-strain modulus and increased large strain 
modulus. Additionally, this work probes only the passive mechanical behavior of soft biological 
tissues. We believe that active contractile assays will have similar corrections necessary for ring 
shaped samples. However, such a study is beyond the scope of this work.   
Conclusions: 
In this work, we have shown that the uniaxial approximation is only valid in a narrow range 
of ring geometries. In general, one does not need corrections if the sample falls within the range of 
/  = 0.15 − 0.3. However, attention should be paid to the selection of pin size in the range of 
/n = 0.5 − 2.0 if one intends to investigate failure properties. In these cases, /n should be near 
0.5 because the smaller this value is, the less stress concentrates near the pin. In the limit of / →
0, we should note that minimal correction is needed provided that the pin size is in the range of 
/n = 0.25 − 1.0. In the other limit as /  → 0.5, correction is necessary regardless of the 
choice of pin radius. However, we again need to be cognizant of the stress concentration from small 
pins. In this case, one should minimize /n subject to the constraints of using circular or D-shaped 
pins. The correction equations are only valid in the range of / = 0 − 0.5 and /n = 0.25 −
3. As one attempts to extrapolate this phenomenological correction, one should be aware that the 
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correction may diverge. It is much safer to simply take the value at the extrema in the validated 
range. It should be emphasized that our proposed correction is for soft collagenous biological 
tissues that exhibit a bilinear mechanical response to load, and that this correction framework 
remains valid only under this condition. 
Included as a supplement to this work is a MATLAB script designed to take as inputs the 
sample geometry (radius, thickness, width), pin radius, and force-displacement data. Using these 
data, the script calculates the centerline strain vs. PK1 stress, fits the small-strain modulus, large-
strain modulus, and transition strain, and calculates the luminal strain vs luminal PK1 stress for the 
assessment of failure properties.  
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Table 1. Tissues used in ring pull tests including species, nominal stretch range for tests, and 


















H [mm] H/Rc H/a Refs. 
Desc. Thoracic Aorta Murine 1.50 0.35 0.41 0.37 0.39 0.04 0.10 0.11 
[123, 
124] 
Abdominal Aorta Murine 1.50 0.12 0.32 0.28 0.30 0.04 0.13 0.31 
[123, 
124] 
Thoracic Aorta Murine 2.0-3.0 0.50 0.37 0.31 0.34 0.06 0.18 0.12 [125] 
Neonatal Left 
Ventricle 




0.40 2.00 1.55 1.78 0.45 0.25 1.13 [127] 




<5 16.00 10.00 13.00 6.00 0.46 >1.20 [129] 
Lens Capsule Porcine 1.8 0.74 1.60 1.50 1.55 0.10 0.06 0.14 [130] 
Tissue Engineered 
Construct 
- 1.18 0.50 3.20 1.96 2.58 1.24 0.48 2.48 [131] 
Tissue Engineered 
Construct 





Table 2. Parameters fit to the nondimensionalized geometric quantities and the associated 95% 
confidence intervals of the parameter along with the RMSE for the fit. The other coefficient 
values were zero and are therefore not included. 
Correction »rr »¼r »r¼ »r½ »½¼ »¼½ RMSE 












/¥¾/¿¥/ 1 0.358 ±0.071 
-0.054 
±0.013 







Figure 6. A. Undeformed geometry for the ring pull test where R_c is the centerline radius, R_i is 
the luminal surface radius, R_o is the outer surface radius, H is the tissue thickness, a is the pin 





Figure 7. Ring model used for simulations. The ring is shown in purple and the pin in orange. The 
contact surfaces are indicated by blue arrows. The symmetry planes are shown as red dashed 






Figure 8. A. Uniaxial ring-pull apparatus showing removable pin sleeves and tissue sample, B. 






Figure 9. Fit of the small-strain and large-strain modulus (dashed lines) along with the transition 





Figure 10. First Piola-Kirchoff stress vs engineering strain curves for uniaxial and ring pull 
simulations demonstrating the difference between using A. luminal (inner) surface strain, B. 




Figure 11. A. Cauchy stress vs Green strain plots for thin (H=0.05mm) and thick (H=0.15mm) 
ring tests. The shaded area represents the limits of strain at the inner and outer surfaces of the 
tissue with respect to stress. The dashed line represents the calculated centerline stress-strain 
curve. shown The red X’s in the stress-strain plots show the position of B on the stress-strain 
curve. The blue arrows show the outer compression. The strain range across the sample at B is 
represented by the horizontal purple arrow. B. A visualization of the strain across the midplane of 




Figure 12. A comparison of the stress concentrations for different pin sizes and wall thicknesses. 
A. Ring with thickness  = 0.10 pp and pin size n → 0 (i.e. the nodes on the symmetry plane 
on the luminal side are fixed in the direction of the pulling force). B. Ring with thickness  =
0.05 pp and pin size n = 0.05 pp. C.  Ring with thickness  = 0.05 pp and pin size n =
0.20 pp. D. Ring with thickness  = 0.20 pp and pin size n = 0.20 pp. All rings have 





Figure 13. Ultrasound images of porcine abdominal aortic ring cross sections in the center (belly) 
region (blue) and at the pin (yellow) for A. undeformed ring, B. flattened ring (unstretched 
centerline) C. stretched ring (=/? ≈ 1.33). The red line indicates the position of the pin edge 





Figure 14. Experimental first Piola-Kirchoff stress vs. engineering strain plots with mean (solid 
lines), the upper and lower 95% confidence intervals (dashed lines) for uniaxial and ring pull tests 
with varied pin diameters for A. Porcine abdominal aorta with  = 6.84±0.23 mm and  = 
1.51±0.24 mm, B. Ovine abdominal aorta with  = 5.69±0.28 mm and  = 1.37±0.16 mm, C. 
Ovine external carotid artery with  = 2.21±0.25 mm and  = 1.11±0.39 mm, and D. Mouse 
thoracic aorta with  = 0.450±0.050 mm and  = 0.072±0.012 mm. The final point is the 
average stress and strain at failure. All values are mean ± 95% CI. The value n is the number of 





Figure 15. Ratios of the material properties assessed from rings to those assed from uniaxial for 
A. small strain (toe) region modulus, B. large strain (lockout) modulus, and C. transition strain 
from small strain regime to large strain regime. The dashed line represents the functional limit for 
fitting two pins in the ring lumen. The grey area represents the fundamental limit of fitting two D-
shaped pins (of radius  − c9 ) in the lumen. Data was not obtained in the blue regions due to 




Figure 16. Experimental data for A. Small-strain modulus, B. Large-strain modulus, C. Transition 
engineering strain estimated from uniaxial (black dashed lines) and ring pull tests using luminal 
surface stretch (red bars), exterior surface stretch (blue bars), uncorrected centerline stretch 
(purple bars), and corrected centerline stretch (green bars). Dashed lines and error bars are the 
95% confidence interval of the mean. Error bars on the corrected values are the centerline 





Figure 17. Comparison of the correction for small and large strain proposed in this work 















CHAPTER 4: ARTERIAL INFLATION TESTING  
4.1: SHEEP INNOMINATE ARTERY BIFURCATION 
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The arterial tree is a complex geometric structure with many branching vessels. 
Bifurcations, in particular, tend to be the location for disease formation including atherosclerotic 
plaques, aneurysm, and, in severe cases, dissection. Thus, it is important to understand how the 
material properties and the geometry of bifurcations lends itself to disease triggering events. To 
try to decouple these geometric and material effects, we propose a new test method utilizing 
inflation of sheep brachiocephalic (innominate) artery bifurcations under ultrasound to visualize 
precise material responses. Our custom testbed allowed visualization of through-thickness 
response allowing us to capture the upstream and downstream vessel mechanics of the 
bifurcation, as well as many novel insights into the behavior of bifurcation region itself. We 
showed a unique response of the aspect ratio of the bifurcation, changes in wall thickness around 
the bifurcation, and an assessment of strains within the bifurcation region itself. This test method 
offers a new technique for assessing complex geometries in a full-field way without the 
assumption of incompressibility. It gives, not only the same analysis of cylindrical structures in  
the upstream and downstream regions, but also the ability to assess the bifurcation region itself. 
Further, this technique could also be used to assess failure properties under burst pressure or 
complex loadings such as vessel torsion, which could prove insightful in understanding the 




The arterial tree is a complex network containing many arterial branches (Fig. 17). The 
arterial wall is composed of the endothelium, smooth muscle, and elastin and collagen fibers 
[117]. The components of the layers each contribute to the mechanical properties of the artery, 
and the interaction of those components, like the arterial structure itself, becomes more complex 
when the vessel geometry deviates from cylindrical. An example of such an irregular geometry is 
a bifurcation. The bifurcation’s structural and mechanical properties are different from and more 
complex than those of a straight artery. Particularly, the right common carotid/ right subclavian 
bifurcation’s complex geometry makes it a location for atherosclerotic plaque buildup due to the 
differences in flow, turbulence, and shear stress [133].  Further, two uncommon, but potentially 
significant pathologies are innominate artery aneurysm and carotid artery dissection, which tend 
to happen near bifurcation points [134, 135]. Therefore, the bifurcation is an important area of 
interest in the study of arterial mechanics. Bifurcations are, however, difficult to study 
experimentally because the complex architecture and geometry do not lend themselves to 
standard mechanical testing protocols. Planar biaxial testing is problematic because a planar 
section of the tissue is difficult to isolate and because properties vary with position within the 
sample. Inflation is a relatively simple experiment, but it is difficult to analyze the inflation of a 
bifurcation because the convenience of radial symmetry is lost. 
          In this work, we develop a test system for inflation of an arterial bifurcation with 
simultaneous ultrasound scanning, which can then be used to construct 3-D reconstructions of the 
bifurcating vessel at controlled internal pressures. This system has several advantages over 
traditional testing methods in that it allows for assessment in a physiologic loading scenario and 
with through-thickness imaging of both large and complex samples. The advantages of this 








Ovine carotid artery bifurcations were obtained in accordance with the guidelines 
outlined by NIH and the University of Minnesota Institutional Animal Care and Use Committee 
(IACUC).  Five samples were obtained from both male and female sheep. Table 1 shows the 
sample population demographics. The ovine model was chosen because it is a common model for 
cardiac intervention development. The sample statistics are given in Table 4.  
Table 4. Ovine Sample Statistics 
Sample Gender Mass (kg) Age (mo.) 
1 M (C) 50 8 
2 M (C) 44 8 
3 F 70 21 
4 F 46 6.5 
5 F 48 6.5 
6 F 66 66 
*(C) represents a castrated male 
The samples were cleaned to remove as much of the surrounding connective tissue as 
possible. The two daughter branches of the sample were cut so that the total length of the sample 
was approximately 5 cm, ensuring that the sample would fit in the inflation device. The sample 
was attached to male Luer fittings with suture. The sample was flushed with PBS to ensure there 
were no clots. One of the daughter branches of the sample was capped to prevent flow out 
allowing pressurization of the system. The sample was then placed in the artery inflation device 
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utilizing the attached Luers to connect into a closed fluid system (Fig. 18). The inflation device 
was submerged in a fluid bath. The system had a bleed-off valve to release any trapped air, a non-
torqueing connector, and a pressure monitor. The bath was filled with phosphate-buffered saline 
(PBS) solution to a level at least 1 cm higher than the artery. 
Testing Protocol: 
 Using a syringe, the system was filled with PBS, the bleed-off valve was closed, and the 
pressure monitor was zeroed. The sample was stretched to 1.25x its original length prior to 
inflation to simulate its in vivo length [136]. A 38 MHz ultrasound probe on a VisualSonics Vevo 
2100 small animal ultrasound system (FUJIFILM VisualSonics, Inc., Toronto, ON, CA) attached 
to a track allowed image slices to be obtained under constant motion along the long axis of the 
sample. The ultrasound probe was placed in the PBS in a position capturing a cross-sectional 
image of the sample (Fig. 19). Rubber was placed below the sample to reduce echoing off the 
tank bottom. The probe and imaging software were adjusted until a clear ultrasound image was 
obtained. The sample was preconditioned by inflating the system with isotonic PBS for 10 cycles 
from 0 to 100 mmHg internal pressure. The pressure was then increased from 0 to 300 mmHg in 
increments of 20mmHg capturing cross-sectional ultrasound image stacks along the length of the 
sample at each pressure.   
Data Analysis: 
 One representative sample was reconstructed from the image stack using Seg3D [137] 
and analysis was performed long the entire length. For other samples four representative cross-
sectional slices were chosen at each pressure step for the mother vessel prior to the bifurcation, 
the connected region immediately before the bifurcation, the bifurcation region immediately after 
the bifurcation split, and the daughter vessel (on the stretched side). The images were analyzed 
using MATLAB R2016A (Mathworks, Inc., Natick, MA). The measurements obtained were the 
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major and minor axis lengths, the inner and outer diameters, and the inner and outer perimeter. 
We also estimate the stress-stretch behavior of several regions using the Law of Laplace equation 
K++ = ` F9    Eq. 1   
where K++ is the circumferential stress, P is the transmural pressure, d is the vessel diameter, and t 
is the vessel wall thickness. 
Results: 
An example 3-D reconstruction of an undeformed bifurcation including the four 
representative cross-sectional ultrasound images is displayed in Fig. 19. The reconstruction 
moves from the mother (proximal) to the daughter (distal) end of the vessel (left to right). The 
measured cross-sectional luminal perimeter along the length of the bifurcation going from the 
daughter to the mother end (left to right) at various pressures is displayed in Fig. 20. The daughter 
section’s perimeter increases fairly linearly moving towards the bifurcation from 0 to ~13mm. 
The bifurcation section’s perimeter remains relatively constant from ~13mm to ~18mm, due to 
the inner septum maintaining the cross-section shape. In the connected section, there is a spike in 
perimeter at ~19mm, immediately after the bifurcation septum, which then decreases as the vessel 
approaches the mother branch from ~19mm to ~21mm. The mother section’s perimeter remains 
relatively constant until the end of the sample from ~22mm to ~32mm. The mean normalized 
wall thickness for each region is shown in Fig. 21. The daughter, bifurcation, and mother regions 
all show decreased wall thickness with pressure. However, the connected region shows relatively 
constant wall thickness regardless of increased pressure. The mean adventitial (outer) and luminal 
(inner) stretch as a function of pressure is given in Fig. 22. The plot shows the characteristic 
lockout behavior of the circumferential fibers (i.e. the flattening in Figs. 22 or the sharp upturn in 
Fig. 24) which was observed to occur around 125-150 mmHg. The analyzed regions showed the 
bifurcation region was the stiffest and the mother region the most compliant, however, the data 
shows relatively little difference from one another. To further analyze what was happening in the 
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connected region, we analyzed the aspect ratio (major diameter/minor diameter) of the cross 
section with respect to pressure (Fig. 23). The aspect ratio of the adventitial side of the connected 
region shows relatively small decreases in aspect ratio with pressure, maintaining the same 
relatively elliptical shape (Fig. 23, green). The aspect ratio of the luminal sides of the connected 
region, however, shows large changes with pressure decreasing from very elliptical to relatively 
circular (Fig. 23, purple). We further estimated the stress-stretch behavior of the vessel using the 
Law of Laplace (Fig. 24). We should emphasize that for the bifurcation region, this is an estimate 
of the outer wall stress, not the septum stress. We see that the mean behaviors are similar, with 
the mother region being slightly more compliant than the daughter or bifurcation region. Finally, 
we wish to validate our system compared to systems that use straight sections of vessels. A 
comparison between our system and other published results [138–140] is given in Fig. 25. We 
should emphasize that each of Figs. 20-25 are mean behavior with the 95% confidence interval 
omitted since the regions were never statistically significantly different from one another. The 
data with plotted confidence intervals are supplied in Appendix B: Supplemental Material (Figs. 
63-67).  
While it is important that our device recapitulates the bulk behaviors that others have 
shown, we can also gather more insight because of the ultrasound system. The ultrasound 
produces a speckle pattern that can be tracked to give local deformation fields throughout the 
tissue. As an example, we show the 2D strain tracking of a representative bifurcated region (Fig. 
26). We see that the inner septum has particularly large strains relative to other regions of the 
bifurcation. This ability is significant because other experimental techniques lack the ability to 
visualize such internal structures, which certainly play a significant role in the mechanics and the 




          The bifurcation’s complex geometry has been captured through a circumferential analysis 
along the long axis of the vessel at varying pressures. This analysis led to several conclusions 
about the mechanical properties and deformation pattern of the vessel under increasing pressure.  
The bifurcation section was observed to be the stiffest (Figs. 22 & 24), and the connected region 
immediately upstream was the most non-circular in cross-section (Fig. 23). However, as pressure 
increased it moved towards a more circular cross-section, particularly on the luminal side. The 
thickness of the connected section remained relatively unchanged, which would appear to be a 
result of the complex geometry as the two daughter vessels merge. The high stiffness and low 
thickness decrease of this section is likely due to its irregular shape and high fiber density as it is 
where the two daughter vessels come together. The daughter, mother, and bifurcation sections all 
had similar properties.  This is due to their highly cylindrical nature of these sections, with 
relatively similar loading. We also showed that the bifurcation septum has large strains (Fig. 26). 
This is significant because it may well be the initiation point of aneurysm growth or the point of 
dissection initiation. It is important that we are able to study internal structures like this, which is 
why ultrasound makes an excellent tool in evaluating arterial mechanics.   
In conclusion, we have demonstrated the ability to perform an inflation test on a 
bifurcating vessel while concurrently imaging the full vessel geometry with ultrasound. We have 
shown that the region around the bifurcation has complex mechanics, and in fact shows some 
non-intuitive behavior due to the complex geometry. This apparatus and the resulting 
combination of pressure and detailed volume imaging has the potential to provide a new level of 
understanding of bifurcation mechanics. Further, we can combine this apparatus with strain 
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Figure 19. Bifurcation test setup showing the sample mounting frame (left) and the full 












Figure 21. Calculated exterior perimeter along the vessel length at 50mmHg (blue), 100mmHg 




















Figure 25. Law of Laplace estimates of stress vs. stretch for each sub-section of the vessel. Note: 












































Mouse models of disease are state of the art for studying disease and therapies. 
Particularly, mice are the main model for creating and treating genetic disease including those 
that cause aortic aneurysm such as Marfan Syndrome. Traditionally, the assessment of improved 
aortic outcomes is aneurysm size and growth rate, however, neither of these is an issue in and of 
itself [3]. The main feature of aortic aneurysms that we want to study is their stability as failure or 
dissection can be fatal. Current techniques to assess aortic mechanics and failure focus almost 
exclusively on straight, cylindrical tubes, but ascending aortic aneurysms from on the arch and 
near the aortic branches. Therefore, we propose a novel inflation test under high resolution 
ultrasound utilizing the intact aortic arch to assess mechanical properties. We show that the use of 
ultrasound allows us to visualize through the thickness and we can assess stretch-stress behavior 
on the adventitial and luminal surfaces. This technique offers unique insight into the complex 
geometry of the aortic arch, utilizing a relatively simple mechanical test system. We are able to 
segment the images obtained to create mouse-specific finite element models, which could be used 
to regress material properties to the aortic arch. Despite the use of through-thickness imaging, we 
were unable to strain track the ultrasound speckle due to a combination of lack of resolution and 
inadequate strain tracking algorithms for this type of problem. Future work should focus on 
improving the imaging by switching to something like optical coherence tomography and by 




The determination of material properties for complex biological tissues continues to be 
important for understanding both form and function. Knowledge of the underlying tissue is 
especially important in disease with regards to surgical planning and device design. Aortic 
aneurysm is one such disease. Aortic aneurysms are dilatations of the aorta which are coincident 
with aortic dissection or rupture. The aneurysm is typically evaluated by its size and growth rate 
[3, 6]. However, what we really want to evaluate is the material properties and loading of the 
aorta to determine how ‘risky’ or how likely to fail the aneurysm is. It is therefore important that 
we evaluate the aorta under in vivo loading conditions. This includes maintaining the geometry 
and the loading conditions. Standard procedure for the determination of aortic properties is to 
either do planar testing (uniaxial/biaxial) or inflation testing (typically straight cylindrical 
structures). These two methods work incredibly well for simple tube-like geometries, but are 
difficult or impossible to perform for small, complex structures like branching vessels or the 
aortic arch in genetically modified mice.  
In this work, we propose a novel inflation methodology for the evaluation of full-field 
aortic arch mechanics in murine models. We couple a syringe pump with a custom inflation 
apparatus submerged in saline to overcome the leak-down of pressure due to the branching 
vessels, and imaging using high frequency ultrasound for real-time through-thickness 
visualization. This methodology gives us an immense amount of data without requiring the 
assumption of material incompressibility to ascertain full-field mechanics.  
Methods: 
Sample Procurement and Preparation 
Wild-type mice (C57BL/6J) were procured from either the labs of Jennifer L. Hall (UMN 
Dept. of Medicine) or Paolo P. Provenzano (UMN Dept. of Biomedical Engineering) following 
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sacrifice as a part of normal colony maintenance. Immediately following sacrifice, the mice were 
weighed and the aorta, heart, and lungs were removed bloc.  
 To remove the heart, aorta, and lungs, the mouse was placed in a supine position and two 
incisions were made on either side of the mouse along the ribcage. The ribs on either side were 
then cut. A third incision was made transverse to the midline of the chest wall, and the ribcage was 
opened up. The arteries feeding the front of the ribcage were then cut and the front of the ribcage 
removed to expose the thoracic cavity. The cephalic and carotid arteries were then cut above the 
arch up into the neck and shoulders, thus freeing the top of the aorta. The esophagus and trachea 
were also cut at this point. The descending aorta and esophagus were cut immediately prior to the 
diaphragm, and the aorta gently teased away from the posterior ribcage and spine. Once removed, 
the esophagus, trachea, and lungs were peeled away, and the pulmonary arteries cut to leave the 
heart and aorta intact. The aorta was then cleaned of perivascular tissue. The major branching 
vessels on the arch were then tied off and the distal aorta placed on a micropipette and secured 
using silk suture.  The process is shown in Fig. 27.  
Inflation Apparatus 
 A custom submersible test bed was created as shown in Fig. 28. The rubber mat allows the 
heart to be pinned down, while the syringe pump delivers constant flow through the microcannula. 
Upstream pressure is measured and internal pressure can be calculated at a specific flowrate as 
` = ̀¥¡~ + ̀\? 
where P is the indicated pressure, ̀¥¡~ =  is the pressure drop across the canula which is 
a function of the flowrate Q, and ̀\? is the pressure in the aorta. The canula pressure drop is 
measured by removing the aorta so that the exit of the canula is zero pressure such that ̀ = ̀¥¡~ 
which can be obtained for each flowrate, Q.    
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 To create ultrasound coupling, the test bed was submerged in 1x phosphate buffered saline 
(PBS). A VEVO2100 (FUJIFILM VisualSonics, Inc. Toronto, ON, Canada) small animal 
ultrasound system with 70MHz transducer (30um axial, 75um lateral resolution) was used with a 
stepping stage to image the entire vessel. Images were obtained every 32um with z-slice width of 
64um.  The tests were performed from 9-13mm along the sample length giving between 300-450 
image slices. 
Testing Protocol 
 The first step in the testing protocol was preconditioning. Aortas were subjected to 10 
cycles of 100-120mmHg aortic pressure. The aorta was then imaged at 0mmHg aortic pressure. 
The pump was then engaged at a specified flow rate to give ~20mmHg aortic pressure. The aorta 
was equilibrated for 30s then imaged. The pump rate was then increased by ~20mmHg and imaged 
again. This procedure was repeated until either the sample pressure could not be increased due to 
leakiness or the aortic pressure reached 200mmHg. Images for each pressure step were exported as 
DICOM stacks, segmented using Seg3D2 [137], and analyzed using custom MATLAB2019a 
(Mathworks Inc., Natick, MA, USA) routines.   
Results: 
This testbed offers a novel way to study aortic root and whole aortic arch mechanics. The 
use of ultrasound also allows imaging through the thickness. An example image set at three 
pressure is shown in Fig 28, where it is clear that we are able to visualize the increased aortic 
diameter with pressure. Further example images for various locations along the aorta are shown 
in the inset in Fig. 29 demonstrating that it is possible to process pertinent aortic dimensional 
parameters. As a proof of concept, we calculated luminal and adventitial stretch vs. pressure for 
the tested aortas (Fig. 29). These results indicate the aortic stretch increases with pressure, 
although there is sufficient noise in the data that the general trend is all that is reported here. The 
expected behavior would be a more defined lockout behavior where the stretch change would be 
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relatively small compared to increases in pressure. We were also able to segment the aortas into 
mouse-specific models and simulate the inflation. An example inflation test outside of the 
ultrasound device is shown in Fig. 30, and the corresponding finite element simulation is shown 
in Fig. 31.   
Discussion: 
 Using this method we were able to generate longitudinal images of the mouse aortic arch 
(Fig. 29) which were capable of being segmented into a reasonable reconstruction of the aortic 
geometry (Fig. 31). The general nature of the test and imaging technique, however, left much to 
be desired in terms of signal-to-noise due to a combination of limited resolution and variability in 
pump loading. We can see that the noise in the data (Fig. 29), was such that the general trends in 
the data were visible, but the material behavior and the relation from one section to the next was 
impossible to uncover. Despite this, we were able to recreate the bulk behavior of the tissue under 
pressure loading, where we see a characteristic S-shape in the descending aorta under pressure 
loading due to the removal of the in vivo axial prestretch.   
While the testbed shows promise for doing full-arch mechanical tests, the ultrasound 
lacked sufficient resolution and had too much noise for the mouse aortic mechanics. The hope of 
this project was to be able to reliably 3D strain-track the ultrasound texture. However, the large 
displacements and the low resolution lent themselve to difficult, unreliable tracking in existing 
strain-tracking codes. Further, the data gathered was sufficient for creating 3D models, but the 
noise in the data means the segmentation was unable to be automated, instead requiring by-hand 
segmentation to create the 3D reconstruction.  
As mentioned, the by-hand nature of much of the analysis presented here is not ideal for 
this type of experiment. Future work should focus on transitioning this test to a more conducive 
imaging modality, such as optical coherence tomography (OCT). This higher resolution, higher 
signal-to-noise imaging modality should provide much more reliable segmentations without as 
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much user interaction. Further, improvements to tracking algorithms could be made such that the 
large empty areas where there is simply fluid are removed from the tracking, and compatibility is 
enforced. Current methods either focus on discrete point tracking (which does not enforce 
compatibility) or on rectangular slab tracking (which enforces compatibility everywhere). Neither 
of these algorithms are suitable for this problem as the aorta should have a compatible 
deformation, while the fluid is not required to be compatible (as it can enter/leave the system) and 
additionally has no intrinsic speckle to track. 
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Figure 28. A. Dissection showing opening of the thoracic cavity and the blood vessels feeding the 
front chest wall. B. The heart and aorta in vivo. C. The heart and aorta ex vivo. D. The aorta fully 











Figure 30. A. Adventitial surface stretch vs luminal pressure at five locations given by the 












Figure 32. Simulation of aortic reconstruction showing the aorta at A. 0 mmHg, B. 100 mmHg 




CHAPTER 5: MICROSTRUCTURAL GROWTH AND 
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Aortic aneurysms are inherently unpredictable. One can never be sure whether any given 
aneurysm may rupture or dissect.  Clinically, the criteria for surgical intervention are based on 
size and growth rate, but it remains difficult to identify a high-risk aneurysm, which may require 
intervention before the cutoff criteria, vs. an aneurysm than can be treated safely by more 
conservative measures. In this work, we created a computational microstructural model of a 
medial lamellar unit (MLU) incorporating (1) growth and remodeling laws applied directly to 
discrete, individual fibers, (2) separate but interacting fiber networks for collagen, elastin, and 
smooth muscle, (3) active and passive smooth-muscle cell mechanics, and (4) failure mechanics 
for all three fiber types. The MLU model was then used to study different pathologies and 
microstructural anomalies that may play a role in vascular growth and failure. Our model 
recapitulated many aspects of arterial remodeling under hypertension with no underlying genetic 
syndrome including remodeling dynamics, tissue mechanics, and failure. Syndromic effects 
(smooth muscle cell dysfunction or elastin fragmentation) drastically changed the simulated 
remodeling process, tissue behavior, and tissue strength. Different underlying pathologies were 
able to produce similarly dilatated vessels with different failure properties, providing a partial 





Aortic aneurysm, or dilatation of the aorta, is a clinically significant pathology as the risk 
of potentially fatal rupture (through-thickness failure) or dissection (delamination of the layers) is 
high. In fact, aortic aneurysm and dissection is the fifteenth leading cause of death in the U.S. [1], 
with just under 10,000 deaths occurring in 2017 [2].  The current diagnostic methods for 
assessing aneurysm risk are based primarily on dilatation size and growth rate [1]. These criteria, 
while shown to correlate with aneurysm risk, are not always appropriate, especially for rare 
disorders involving genetic anomalies (i.e. Familial Thoracic Aortic Aneurism, Marfan 
Syndrome, Loeys-Dietz Syndrome, or vascular Ehlers-Danlos Syndrome), where population sizes 
are small and disease severity can vary widely. Thus, it is critical that we understand the 
underlying pathology that makes one aneurysm different from another, and what properties might 
point to these differences. 
The aorta is a complex, three-dimensional vessel consisting of many interacting 
constituents [14] that are arranged in a distinct hierarchical structure of three layers [117]. The 
largest and most structurally important layer is the middle layer, or media. It consists of repeated 
layers of vascular smooth muscle cells (vSMCs) and extracellular matrix (ECM), primarily type-I 
collagen and elastin, formed into relatively planar layers radiating outward from the lumen of the 
vessel (Fig. 32). This repeated structure of vSMCs and ECM is known as the medial lamellar unit 
(MLU), as shown in Fig. 32. The media consists of ~5-10 MLU layers in rodents and ~50-60 in 
humans [141]. We focus on the MLU because it is biologically active and serves a major role in 
the remodeling process. The main structural components of the MLU are collagen, elastin, and 
vSMCs.  The roles of these different components in aortic mechanics have been well studied 
[142–148]. Viewed simply, collagen is primarily responsible for strengthening the aorta, and 
giving the aorta its nonlinear “lockout” behavior, while elastin is known to give the aorta its 
elasticity. These two fibrillar ECM proteins are entirely passive, whereas vSMCs are active, 
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dynamically adjusting tensile behavior to maintain basal tone and synthesizing protein precursors 
and proteases that remodel the ECM.  
The aorta is constantly being remodeled in response to biological, chemical, and 
mechanical factors. Collagen is regularly turned over in normal tissue maintenance with a half-
life of ~60 days in the aorta [146]. It has been posited that collagen remodels to maintain a 
homeostatic stress state [149]. This hypothesis is supported by experiments showing strain-related 
protection of loaded collagen fibers against breakdown [150]. Elastin, on the other hand, is a 
biologically stable substance, with a half-life on the order of years [151]. It is generally thought to 
remain relatively unchanged in terms of overall content, but, over timescales on the order of 
decades, becomes increasingly disrupted and fragmented [143]. The active adjustment of basal 
tone by vSMCs in response to vessel loading (based on mean arterial pressure and the dynamics 
of blood flow) happens on the order of seconds to minutes, while the overall growth patterns of 
cells tend to be on the order of a few days [152, 153]. The aortic vSMCs are able to transition 
from a contractile to a synthetic phenotype under different conditions, balancing their relative 
contribution to load bearing with their role in remodeling the ECM.   
Two main associations with aortic aneurysm are (1) elastin network disorganization and 
fragmentation [154] and (2) disruption of vSMCs from normal contractile function (with 
increases in vSMC apoptosis) [155]. Diseases that coincide with elastin disorganization and 
fragmentation show increased aortic growth and a propensity toward aneurysm [1, 39]. These 
observations show that the architecture of biological tissues is complex, and the network 
structures within the MLU are highly plastic [75, 148, 149, 156–160]. While many computational 
and theoretical models have explored growth and remodeling in various systems, most have 
employed a continuum  framework [83, 161]. Expanded efforts in the field have sought to apply 
these methods to increasingly complex physics and realistic geometries [25, 63, 65, 91, 102, 162], 
but little has been studied in terms of the discrete nature of fiber remodeling. In other words, it 
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remains unclear what effect the remodeling of individual fibers, and interactions between fibrous 
constituents may play in tissue-scale growth and remodeling. 
Methods: 
We propose a novel model of tissue growth applied to a discrete microstructural 
representative volume element (RVE) in the form of an aortic MLU. The MLU consists of a 
cellular stress-fiber (actin) network analog representing SMCs and a planar layer of collagen and 
elastin representing the elastic lamina as shown in Fig. 32. It is worth noting that, what we call 
actin fibers, are representative of the mechanical contributions of intermediate filaments, 
microtubules, actin filaments, and myosin motors combined. The application of this discrete 
model of growth, remodeling, and failure unites the disparate models of growth and failure and 
allows us to look at how different pathologies, regardless of gross dimensions, may be prone to 
failure. The model is shown schematically in Fig. 33, and each section of the process is described 
in a subsection below.  
Network Generation: 
The selection of an appropriate network type for biological tissues is not a trivial task (as 
evidenced by [163]). In this model, we chose to use Delaunay networks because of their high 
degree of mechanical stability. Briefly, a 3D periodic Delaunay network is generated on 100 
random nodes in our RVE to serve as our cellular stress-fiber (actin) network. All actin fiber 
bundles were prescribed an initial radius of 80nm. To create our embedded elastin network, we 
generate a second periodic Delaunay network on 250 random nodes in our RVE and flatten the 
resulting network into the circumferential-axial plane. Elastin fibrils were all prescribed a radius 
of 240nm [164]. To generate a collagen network, we perform a 2D tessellation of the planar 
elastin network nodes. All collagen fibrils were prescribed an initial radius of 80nm. After the 
networks are generated, actin network fibers that cross the collagen/elastin lamina layer are 
connected to the collagen/elastin network node nearest to the point where they cross. This process 
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approximates an integrin-like connection between the vSMCs and the ECM.  An example of a 
typical network is shown above in Fig. 32. 
Boundary Conditions: 
The boundary stress values applied to the MLU were chosen using the Law of Laplace 
for normal (100mmHg) or hypertensive (150mmHg) mean aortic blood pressures and are 
summarized in Eq. 1.1-1.3. Initial, undeformed dimensions for vessel radius and wall thickness 
were chosen to mimic the rat aortic wall [12].  The 3-dimensional stresses are prescribed as: 
K++ = ^ ?¦_ ; K.. = ^ ?¦9_ ; K?? = 0   Eqs. 1.1-1.3 
where K++ is the circumferential stress, ` is the mean arterial pressure, ; = =cP is the deformed 
centerline (mid-wall) radius, =c is the circumferential stretch, and P = 600Áp is the initial 
vessel centerline radius, ℎ = =P where ℎ is the deformed wall thickness, = is the stretch in 
thickness (radial direction), and P = 100Áp is the initial wall thickness, K.. is the axial stress, 
and K?? is the radial stress. 
Wall shear stress at the luminal surface of the vessel was calculated using a nominal flow 
rate of 84 p/p and a blood viscosity of 3cP [26]. The Poiseuille formula for steady, 
Newtonian fluid flow, given in Eq. 2, was used to determine an average wall shear stress,  
{Â~~ = − iÃN?QÄ      Eq. 2 
where {Â~~ is the wall shear stress, Å is the kinematic viscosity,  is the flow rate, and ;/ =
=cP − c9 =P is the deformed luminal radius.  
Network Solution and Stress Calculation: 
The main constituents of mechanical interest in this model are actin-like cellular stress-
fibers, collagen, and elastin. Cellular actin fibers were treated as active components with a 
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characteristic time scale much shorter than the timescale of remodeling. We therefore represent 
the actin as having two behaviors: a passive bilinear elastic response and an instantaneous active 
contraction the magnitude of which is driven by wall shear stress (WSS) as given in Eqs. 3.1-3.3:  
= =  1 − B X«XÆÇÈXÆQ°«XÆÇÈC9  É; =/¥ < = < 2= − =/¥   Eq. 3.1 
y{Â~~ = yP ∗ {Ê/{Â~~     Eq. 3.2 
K/Ë = y{Â~~==     Eq. 3.3 
where = is the active response function based on the stretch, =, and =and =/¥are the 
stretches of maximum and minimum contraction respectively, y{Â~~ is the magnitude of 
contraction based on WSS {Â~~, yP and {Ê are scaling parameters for contraction and WSS 
respectively, and K/Ë is the active contractile stress in the fiber. The gold lines in Fig. 34. 
show actin fiber mechanics for both active (dotted line) and passive (dashed line) behaviors. 
It is well known that collagen tends to take on a crimped conformation which results in a 
stress-strain behavior consisting of a large toe region followed by a steep lockout. In our model 
system, we utilize a helical fiber model [165], with parameters fit to single fiber data from [148]. 
The model is shown by the red line in Fig. 34. Elastin, as the main elastic element, was modeled 
as a bilinear elastic spring as shown by the black line in Fig. 34. All material parameters used in 
these models are given in Table 5. Because fibers buckle when compressed, actin and elastin 
fibers were prescribed a compressive modulus of 1/100 of the tensile modulus in Table 5.   
We model the volumetric mechanics of the cell due to the existence of charged fibrous 
proteins following [166], but scaling the fixed charge density with actin fraction. The overall 
swelling pressure has two important consequences: first, as the network is compressed, the 
pressure is increased; and second, as the actin network becomes more dense, through the addition 
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of fiber, the swelling pressure increases driving growth of the MLU. The osmotic pressure is 
given by Eqs. 4.1-4.2:  
bÌÍÎ = bPt     Eq. 4.1 
L = Ï BÐbÌÍÎ9 + 4b∗9 − 2b∗C    Eq. 4.2 
where bÌÍÎ is the tissue fixed charge density, bP is a fixed charge density scaling parameter,  t 
is the actin volume fraction, b∗ is the extracellular osmolarity, L is the swelling pressure,  is the 
universal gas constant, and Ï is the absolute tissue temperature. We note here that the swelling 
pressure model allows the network to grow over time (i.e. incompressibility is not enforced in the 
time domain). The swelling pressure does limit compressibility to 
ÑÑÒ ~0.92 for the strip biaxial 
extension test and 
ÑÑÒ = 1.08 for the shear test prior to failure discussed in the Material Property 
Calculation and Failure Simulations subsection below. The compressibility in the strip biaxial 
test is within the range experimentally measured in [167]. While, to our knowledge, the 
compressibility of arterial tissue in shear has not been experimentally measured.  
We use volume-averaging theory to convert fiber forces in the equilibrated MLU to tissue 
stress. The physical dimension of the RVE is calculated via a scaling parameter, Ô, given in Eq. 5 
[168, 169]: 
Ô = Õ∑ ~Ö×ÖØÑ = 10Áp      Eq. 5 
where Ô is the RVE scaling parameter  is the length of fiber  in computational units,  is the 
cross-sectional area of fiber , t is the fiber volume fraction, and  is the RVE volume in 
computational units cubed. In Eq. 5,  and  are both in computational units, whereas  is in 
physical dimensions. Thus, Ô has units of physical length per computational length. It should also 
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be noted that Ô is considered a constant in our simulations, and is simply used to relate 
computational dimensions of length (for the RVE and fibers) to physical dimensions. 
Using the scaling parameter Ô and summing the forces for all fibers, we calculate the 
volume averaged stress that our RVE experiences as shown in Eq. 6: 
K/m = cÙÚ BcÑ Û K/mÑ C = cÙÚ BcÑ ∑  BK/mC C   Eq. 6 
= cÙÚ BcÑ ∑ BÌÖ×Ö /mC 8: C = cÙÚ BcÑ ∑ '/m C      
where K/m is the tissue stress, Ô is the RVE scaling parameter,  is the computational RVE 
volume, K/m is the fiber stress,  is the fiber volume,  is the fiber length,  is the fiber cross-
sectional area, ' is the fiber force magnitude, and / is the fiber unit vector. We note that the 
value set in parentheses for Eq. 6 has units of force per computational unit squared. Thus, we 
need to scale the stress to real physical dimensions using the scaling parameter. 
The Newton-Raphson algorithm is used to find the principal stretches that give us the 
correct prescribed boundary loads from Eq. 1. A second Newton-Raphson loop is used inside the 
first to compute the position of each node in the network at static equilibrium given a 
deformation.  
Implementation and Solution Convergence: 
The model was implemented in a custom C++ code using the Eigen library [170]. This 
code is available from a public Github repository 
(https://github.com/RyanMahutga/JBME_Remodeling1). Convergence of the internal force 
balance is considered achieved when the residual force norm is less than an absolute threshold of 
1)«ÜÝ or a relative threshold of 1)«Ü compared to the affine deformation nodal residual for the 
current stretch step. Convergence of the stress boundary problem is considered achieved if the 
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absolute magnitude of stress error is less than 100 Pa or the relative stress error is less than 0.1% 
of the maximum applied boundary stress.   
Growth and Remodeling Dynamics: 
The dynamics of  growth and remodeling (G&R) are handled similarly to [25], but 
applied to fibers rather than to the tissue as a whole. Fibrils remodel to reach a pre-determined 
target stress. To reach a specified target stress, fibrils grow radially (effectively adding mass and 
inter-molecular crosslinks).  The equation guiding this growth is given in Eq. 7: 
F?F = cÞ 4 GÖG¹ÇH± − 15 ;      Eq. 7 
where 
F?F is the time rate of change of the fiber radius, { is the polymerization time constant, ; is 
the fiber radius, K is the fiber stress, K?¾ is the fiber target stress. The polymerization time 
constants, {, are taken to be 4.5 days for actin [153], and 90 days for collagen [171]. Elastin was 
not allowed to remodel due to its stability in the aorta. The homeostatic fiber stresses K?¾ were 
taken to be 750kPa for actin and 200kPa for collagen. More information about how target stresses 
were selected is provided in the Supplemental Material.  
The lengthening of fibrils is governed by the assumption that the addition of molecules to 
the radius of the fibril can be reasonably described as adding a new parallel spring as in [172]. An 
overall force balance along with algebraic manipulation gives the following relation for the new 
rest length of the fiber: 
′ = 4HÚàI9?F?IF?Ú54HÚà IÚHáHâáHÚã 5 P      Eq. 8 
where ä is the new rest length of the fiber, ; is the pre-existing fiber radius,  is the modulus 
ratio of the new fiber in compression to the pre-existing fiber in tension, ; is the deposited fiber 
radius, = is the fiber stretch at the time of deposition, and  P is the pre-existing fiber length when 
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the new fiber was deposited. The ratio of the pre-existing fiber tensile modulus to the new fiber 
compressive modulus  is taken to be 1.0.  
In this simulation framework, we can decouple the RVE loaded state from the zero-stress 
state as: 
' = '¾' 
where ' is the current deformation gradient for the current loaded network relative to the 
unloaded network at time t=0, '¾ is the zero-stress network deformation gradient from the 
unloaded time t=0 network to the unloaded network at the current time, and ' is the elastic 
deformation gradient for the network from the current time unloaded network to the current time 
loaded network. The decoupling of growth and elastic stretch is accomplished by simply running 
the network through a prescribed zero-stress boundary condition model at every timestep where 
we already know the loaded total stretch for the network. We can then calculate the elastic 
deformation as ' = ''¾«c.  
Fiber growth and the time evolution of the tissue are modeled using a forward-Euler 
scheme with variable step size. 
Material Property Calculation and Failure Simulations: 
Since tissue failure – either by rupture or dissection – is the major clinical threat 
associated with pathological vessel growth, we looked at two failure scenarios for the MLUs: a 
strip biaxial and a shear to failure. Each failure scenario treated the test as a passive failure test 
(as in experiments [44–46, 74, 173–175]) so the actin contractility was removed. The strip biaxial 
test was meant to serve as an analog for the burst failure of the artery. In the biaxial test, the MLU 
axial stretch was set to 1.4, and the MLU was stretched to failure in the circumferential direction. 
The thickness direction was prescribed as zero stress. Properties of small-strain modulus, 
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transition strain, and large-strain (lockout) modulus were calculated prior to failure. The small-
strain modulus is defined as the slope between zero and 50kPa circumferential stress, and the 
large strain modulus defined as the slope between 200 and 400kPa circumferential stress. The 
transition strain is defined as the strain where the small-strain line and the lockout modulus line 
intersect. Rupture failure was defined as the point on the stress-strain curve immediately 
preceding a drop in stress greater than 50 kPa.   
The shear test, in contrast, served as an analog for the dissection failure of the artery. For 
the shear test, the axial and circumferential stretches were set to 1.4 and 1.6 respectively. The 
radial direction was prescribed zero stress. The shear was imposed as a circumferential 
displacement on the radial face. The shear modulus was defined as the slope of the shear stress 
vs. shear strain curve prior to failure. In each failure scenario, the strain step was adjusted 
dynamically so that failure occurred in fewer than 15 of the over 3000 total fibers on any given 
stretch step to maximize the accuracy of the measured bulk failure stress and strain. Dissection 
failure was defined as the point on the shear-stress vs. strain curve immediately preceding the first 
drop in stress.   
Experimental Design: 
The first set of cases we explore consider a vessel subjected to a 50% increase in mean 
blood pressure. This case has been described extensively in experiments from a gross 
morphological standpoint [24], from a histological standpoint [176, 177], and from a mechanical 
standpoint [159, 178, 179]. Furthermore, this case is often used as a validation test for growth and 
remodeling simulation [25, 26, 103].  
The second set of cases we explore are the remodeling of vessels in response to 
pathological conditions under normotensive blood pressure. As discussed above, two especially 
common associations with aortic aneurysm are elastin fragmentation [154] and smooth muscle 
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cell dysfunction [1, 180, 181]. In an attempt to understand these two scenarios, we remodeled our 
generated networks under normotensive conditions then applied one or both of two perturbations: 
(1) an instantaneous reduction in elastin (by randomly removing fibers) and/or (2) an 
instantaneous reduction in smooth muscle cell contractility (by decreasing the parameter, yP in 
Eq. 3.2).  The cases that were investigated are summarized in Table 6.  
Statistics: 
For each scenario outlined above, we used 8 networks generated using the same routine 
listed in Network Generation. All plots with error bars show mean ± 95% confidence interval on 
the mean. Comparisons were performed using paired t-tests with significance established at two 
levels: p<0.05 and p<0.005.  
Results: 
Investigation of the Normotensive and Hypertensive Aorta: 
The first step in verifying the model was to apply it to a well-studied remodeling case. 
The standard case is that of a pressure overload where one would expect an initial spike in stress 
followed by re-equilibration to a new, lower stress state due to growth of the tissue. The expected 
behavior is seen clearly in the Total Stress line of Fig. 35A, which rises sharply with the 
introduction of the pressure overload, but then decays to a value close to the initial level. 
Examining the individual component contributions to the total stress in Fig. 35A, one can see that 
the load has been shifted from the elastin to the actin during the remodeling process, with the 
collagen contribution largely returning to its original level. We emphasize that the component’s 
contribution to the overall stress should not be confused with the stress within a component fiber, 
since the former is a combined effect due to the sum of stresses for each individual component 
and the volume fraction of that component within the tissue. This effect can be understood by 
examining the tissue volume fractions in Fig. 35C, starting with two key observations:  
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1. The total volume fraction of all protein increases slightly, but the volume fraction of actin 
increases considerably. Thus, the actin contribution to the total stress increases naturally due to 
the greater actin volume fraction.  
2. The elastin volume fraction drops considerably. Since elastin does not remodel, this drop is 
entirely due to an increase in tissue volume (discussed further in Fig. 35B, D, F). Thus, the elastin 
contribution to the total stress drops even though the stress on any given fiber increases because 
the fiber forces  are distributed over a much larger area. In contrast, the volume fractions of both 
collagen and actin increase because remodeling outpaces tissue volume growth.   
The effect of remodeling can be seen even more clearly in Fig. 35E, in which the stress 
for each fiber is shown before and after remodeling. Due to their ability to remodel, the collagen 
and actin fibers return to the same homeostatic stress levels after remodeling. In contrast, the 
elastin fibers must stretch more in response to tissue growth and, therefore, go to a higher stress 
state after remodeling. Thus, based on Figs. 35A, C, and E we conclude the mechanism 
underlying the remodeling involves a greater portion of load being borne by the actin (i.e., by the 
smooth muscle), but a higher local fiber stress generated in the elastin.  
Turning to the kinematics of tissue growth and remodeling in this base case, there is a 
substantial increase in tissue volume with increased length in all three directions (Fig. 35B). The 
volume change is driven primarily by tissue growth (Fig. 35D), as the total volume change due to 
elastic deformation remains relatively unchanged (Fig. 35F) indicating the tissue in nearly 
incompressible. The tissue grows in all three directions (Fig. 35D), with the transverse growth 
driven by the osmotic effect due to increased actin content described in Eq. 4.2. Importantly, the 
elastic stretch of the tissue in the directions of loading (i.e., circumferential and axial) decreases 
over time because fibers grow thicker (Fig. 37B) leading to increased force developed for a given 
strain. The transverse direction of elastic stretch is increased due to the same osmotic effect 
discussed earlier.   
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The growth and thickening of the simulated vessel wall can be seen in snapshot in Fig. 
36, which shows the vessel at three different stages in the growth and remodeling process in both 
unloaded (0mmHg luminal pressure) and loaded (100mmHg or 150mmHg luminal pressure) 
states. The vessel growth is evident in the unloaded-state images of the whole vessel and in the 
networks themselves. The actin density increase is also evident from these network snapshots.  
A distinct feature of this discrete fiber remodeling framework is that we can monitor 
individual fiber changes. In Fig. 37, we show fiber length and fiber radius for collagen and actin 
as these fiber types grow during remodeling. The collagen fibers tend to maintain a shorter length 
than the actin fibers, and each has a unimodal distribution (Fig. 37A).  The fiber radii (Fig. 37B) 
shows that the collagen fibers tend to grow much thicker in response to loading with a unimodal 
distribution. In contrast, the actin fiber radius is bimodal. It is noted that the fibers that go to zero 
radius have been removed, and the peak on the low end (shown by green arrows) represents a 
stable population of fibers with radii in the range of 2-25nm. Examining the network itself, we 
see that the peak in the distribution at small radius (Fig. 37) corresponds to interlamellar fibers 
connecting the cell to the ECM, and connecting the adjacent lamellae to one another (Fig. 38). 
The large radius peak corresponds to fibers falling roughly into the circumferential-axial plane. 
These two families are interlamellar fibers that resist osmotic pressure and relatively planar fibers 
that resist the hoop and axial stresses. The alignment of laminar elastin and collagen followed the 
direction of loading with little discernible change from normotensive to hypertensive cases 
(Supplement Fig. XXXXXXXXXX1).  
Another distinct advantage of a model system using discrete fibers is that we can perform 
failure simulations and track failed fibers (as performed previously for non-remodeled systems by 
[45, 182]). An example of a strip biaxial pull to failure test is shown in Fig. 39A. The region of 
failure initiation is highlighted by the dashed oval. In strip biaxial testing, failure initiates in the 
collagen/elastin lamina layer. In shear to failure (Fig. 39B), in contrast, failure initiates as the 
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actin fibers disconnect from the elastic lamina causing delamination of the MLU. Additionally, 
shear failure occur at a much lower stress, consistent with experimental observations [46]. It 
should be noted that failures are simplified in that they occur within fibers and not at connections. 
The failure simulations of Fig. 39 allow us to quantify the material behavior and failure 
characteristics for both planar and shear deformations as shown in Fig. 40. The 50% blood 
pressure overload resulted in a significantly higher small-strain modulus and shear modulus. 
There was also a statistically significant decrease in the transition strain for the pressure overload 
case. Taken together, these properties indicate that the tissue stiffness increased as a result of 
increased mean arterial pressure. In addition, we see statistically significant increases in the stress 
at rupture and the stress at dissection indicating that the material has remodeled to become 
stronger in both failure modes.  
Investigation of elastin fragmentation and smooth muscle cell dysfunction:  
Growth Dynamics: 
Simulations used to investigate the independent and coupled roles of elastin 
fragmentation and smooth muscle cell dysfunction are outlined in Table 6 above. We summarize 
the results in Fig. 41 for reduction of smooth muscle contractility alone (first column), removal of 
elastin alone (second column), and combined reduction of contractility and removal of elastin 
(third column). We define the healthy state as the state immediately before initiation of the insult 
(i.e. reduction of contractility and/or removal of elastin) at t=135 days (shown by the green 
arrows in Fig. 41). The circumferential stress for decreased contractility alone (Fig. 41A) shows 
an instantaneous reduction in actin stress due to the loss of contractility. The resulting reduction 
in the total circumferential stress in the tissue is gradually regained as collagen and actin remodel. 
The homeostatic stress state after remodeling is negligibly different than the healthy stress. The 
circumferential stress for removed elastin fibers (Fig. 41B), however, shows an instantaneous 
drop in elastin stress but a rise in total stress because the instantaneous loss of elastin makes the 
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vessel more distensible increasing the tissue stress based on the Law of Laplace. The resulting 
load on collagen is then redistributed over time onto actin, resulting in increases in both collagen 
and actin stress at the new, lower total homeostatic stress level compared to the healthy stress. 
The circumferential stress response for the combination of reduced contractility and removed 
elastin (Fig. 41C) shows the load from elastin loss redistributes to collagen and actin, with less 
load borne by the actin compared to the elastin removal alone (Fig. 41B). The result is a 
homeostatic stress after remodeling below the healthy stress. This counterintuitive result is 
explained by the fact that the load previously held by elastin is redistributed to collagen and actin. 
The increase in actin load results in more actin creation, which leads to increased osmotic 
pressure and more transverse growth. This growth makes the thickness of the tissue larger, so the 
stress decreases per Eq. 1.   
The fiber volume fraction evolution shows that for actin contractility disruption (Fig. 
41D), load is primarily redistributed to collagen, which results in increased collagen content. 
Overall, the total fiber volume fraction increases in this case relative to the healthy level. When 
elastin is removed (Fig. 41E), the resultant load is redistributed to both collagen and actin 
resulting in increases in volume fraction of each. The actin and collagen are both stiffer than the 
elastin, so they add less volume to pick up an equivalent load from the removed elastin, thus, the 
total fiber volume fraction is decreased relative to the healthy level. In the case of combined actin 
contractility disruption and elastin fiber removal (Fig. 41F), we again see the disruption of actin 
contractility driving growth of collagen with total fiber volume recovering more than in the case 
of removed elastin alone (Fig. 41E). We see relatively little change in overall fiber orientation 
over the baseline case with changes in elastin or vSMCs (Supplement Fig. 1XXXXXXX).  
There is lower total growth for actin disruption alone (Fig. 41G) compared to elastin 
removal alone (Fig. 41H). However, the combination of reduced contractility and removed elastin 
(Fig. 41I). results in higher volumetric growth than either alone.  
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Material and Failure Properties: 
Fig. 42A shows the material properties for cases of removed elastin and reduced 
contractility to the normal baseline networks.  Removal of elastin results in a higher small-strain 
modulus, lower transition strain, and higher shear modulus, but little change to the lockout 
modulus. In contrast, the reduction of vSMC contractility results in a lower small-strain modulus, 
higher lockout modulus, higher transition strain, and lower shear modulus. Failure properties 
were also examined for these cases (Fig. 42B). Removal of elastin results in lower rupture strain 
and stress, a higher dissection stress, but little change in dissection strain. Reduction in 
contractility of the vSMCs show increased rupture strain and stress. The reduced contractility 
cases also show increased dissection strain with little change in dissection stress.   
Comparison of Morphologically Similar Dilated Vessels: 
After observing the behavioral differences in Fig. 41 & 42, we generated morphologically 
similar dilated vessels based on inner luminal dimensions, a standard clinical metric measured 
using CT/MRA/Ultrasound. It has been shown that interobserver error in measurement and 
measurements taken between different modalities can have high variability [183, 184]. Based on 
the reported variability in clinical measurement, we set our cutoff for similar pathological vessel 
sizes at ±4% of the mean of pathological cases (excluding the 30% removed elastin alone case 
and the 25% contractility alone case). The luminal size for all cases in shown in Fig. 43. The 
mean is given by the solid line, and the ±4% limit is shown by the shaded box.  
Since the standard diagnostic criteria for a risky aneurysm are based on size and a growth 
rate evaluated in, typically, six month intervals [3], we compared the mechanical behavior and 
failure properties  of vessels of similar lumen diameter and growth rate. The trends in material 
properties are shown in Fig. 44A.  The combined effect of a reduction of contractility and 
removal of elastin is an increase in small-strain modulus, increase in lockout modulus, decrease in 
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transition strain, and increase in shear modulus. The effect of changing contractility while 
keeping the elastin removal the same (gold bar vs purple bar) shows that decreased contractility 
decreases small-strain modulus, increases lockout modulus, and increases transition strain with 
little change in shear modulus. The effect of increased elastin removal while maintaining 
contractility (purple vs green vs light blue bars) shows increases in small-strain modulus, lockout 
modulus, and transition strain with negligible change in shear modulus.   
The failure properties for the comparison of pathological cases are shown in Fig. 44B. 
The combined effect of reduced contractility and removed elastin decreases rupture strain, but 
increases rupture stress. There is little change in dissection strain but a significant increase in 
shear stress at dissection. The role of increased contractility while keeping the elastin removal the 
same (gold bar vs purple bar) shows that decreased contractility has little effect on any failure 
parameters. The effect of increased elastin removal while maintaining contractility (purple vs 
green vs light blue bars) shows increases in strain at rupture with little change in any other failure 
properties.     
Overall variability comparing one pathological vessel to another are summarized in Table 
7. The data suggest that vessel behavior and strength are highly dependent on underlying 
pathologies, and that small perturbations or variations in the underlying pathologies can cause 
significant changes to underlying material and failure properties for similarly dilated vessels.  
Discussion: 
Normotensive vs. Hypertensive Aorta: 
The general trends for our model in response to a 50% overload in mean arterial pressure 
are as follows: 
1. An initial spike in circumferential stress followed by re-equilibration to a new homeostatic 
stress state (above the homeostatic stress state at normal blood pressure) (Fig.35A).  
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2. Growth of the MLU in all dimensions, with particularly pronounced medial thickening (Fig 
35B,F), and an increase in luminal diameter under load (Fig, 35B). 
3. Fiber remodeling resulting in increased collagen and actin content which coincides with longer 
fibers with larger radii (Fig. 37), along with less elastin content due to an increase in MLU 
volume (Fig. 35C). 
4. Increased tissue stiffness in both planar and shear tests (Fig. 42).  
5. Increased stress at failure for both medial rupture and medial dissection (Fig. 42).  
The initial spike in circumferential stress followed by a re-equilibration to a new 
homeostatic state is consistent with other theoretical models [25, 103]. Our model also shows the 
homeostatic stress after remodeling with hypertension is greater than that for the normotensive 
case K = 142`n normotensive, K = 154`n hypertensive), which is consistent with data for 
hypertensive rats  K = 120`n normotensive, K = 164`n hypertensive from [179] and K =
~140`n normotensive, K = ~175`n hypertensive [185]). The observations of  [186] show 
medial thickening and decreased luminal diameter for spontaneously hypertensive rats under in 
vivo load conditions while the data of [187] show the same medial thickening (=F/~ = 1.42) 
with increased luminal diameter (=~¡/¥~ = 1.19) in hypertensive rats.  Our morphological data 
from the 50% pressure overload scenario show similar medial thickening (=F/~ = 1.54) along 
with increases in luminal diameter (=~¡/¥~ = 1.11). Additionally, the data of [188] show that 
the hypertensive rat has a marked decrease in elastin fiber content (~27%) and an insignificant 
increase in collagen content. Additionally, the estimates for total extracellular fiber fraction is 
0.55 in normotensive decreasing to 0.45 in hypertension [188].   Our model indicates similar 
slight collagen content increase and marked elastin content decrease (~54%) (Fig. 35B). We also 
show that the total elastin and collagen content decreases from 0.36 in the normotensive case to 
0.28 in the hypertensive case. This decrease is similar to the experimental case, although are 
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tissue ECM is less dense in the simulation. Further, the data of [188] show increased vSMC 
density of the aortic media in hypertensive rats vs. control rats changing from ~0.27 in 
normotensive rats to ~0.31 in hypertensive rats. A significant increase in actomyosin content in 
the aortic media is also shown by [189].  Our model shows a marked increase in the actomyosin 
density (Fig. 35C) increasing from 0.12 to 0.25 indicating that our cellular network is, again, less 
dense than actual aortic tissue.  
The data of [178, 185] show significant increases in the small-strain modulus (stiffness at 
100mmHg in the experiment, 20-50% increase) and statistically insignificant decreases in the 
lockout modulus (stiffness at 200mmHg in the experiment) for hypertensive rats compared to 
normotensive controls. Our simulation data shows a large increase in small-strain modulus (93% 
increase) and moderate increase in lockout modulus (32% increase) (Fig. 40).  In addition, we see 
lower ultimate strains in hypertension and increases in ultimate rupture failure strength, which is 
consistent with [190].  
Unique Insights from this Model: 
Some unique insights into the remodeling process emerged that cannot be obtained 
directly from continuum models. Our model demonstrates that the remodeling process in the 34D 
actin network formed two distinct fiber populations; one whose radius tended to be relatively 
large and another that tended to be relatively small. Further investigation showed different 
microstructural roles for these two fiber families. The two populations were shown to reinforce 
the network in different directions, with the large-diameter actin fibers aligning in the 
circumferential-axial plane while the small-diameter fibers aligning radially. This observation 
suggests the formation of actin struts between layers. Similar struts have been observed 
experimentally in the rat aortic arch [14], but are formed by interlamellar elastin. The role of 
these struts in the model is to carry the radial load induced form the osmotic pressure, and 
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removal of these struts causes large increases in the radial thickness and destabilizes the network 
itself. 
Our model also allowed us to simulate failure onset and propagation (Fig. 39) and 
showed behavior consistent with histological findings of failed tissues [191]. Our simulated 
failure data also show large variability within groups, which indicates that structural alterations, 
that cannot be quantified in the averaged data (i.e. fiber volume content, overall tissue stress, and 
tissue size), play a critical role in when and how a tissue fails. These types of structural 
information and discrete phenomena (perhaps only affecting a few fibers), lost in the 
homogenization of continuum models, are of critical importance in predicting failure, where a 
cascade of failure can be triggered by a seemingly insignificant local inhomogeneity.   
Extension of Results to Other Arterial Tissues:   
While the results here are cast in the context of aortic remodeling, many of the 
observations are also true of other arterial structures affected by hypertension. Of particular note 
is the pulmonary artery where, although the pressure levels are much lower than that of the aorta, 
hypertension still causes significant remodeling. Pulmonary hypertension induces dilatation of the 
vessel [192]. This growth is marked by thickening of the media with pronounced stiffening, 
increase in collagen content and decrease in elastin content [193]. All of these observations are 
qualitatively consistent with our model, and could be examined quantitatively by adjusting the 
model geometry and pressure loads. The same is true of investigating hypertension effects on 
other vessels such as the carotid or coronary arteries.   
Models of Elastin Fragmentation and Smooth Muscle Cell Dysfunction:  
The major clinical criteria for assessing aneurysm risk are size and growth rate, which 
tend to have low temporal resolution and high variability in measurement. We are able to match 
simulated vessels grown under different pathologic conditions using these criteria for determining 
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similarity. It is clear from previous studies [1, 154, 181] that aneurysms involve both elastin 
fragmentation and smooth muscle cell dysfunction or death. These two pathological scenarios are 
the basis of our comparisons.  
Removal of Elastin Fibers: 
Tissue stress decreases after equilibration in response to removed elastin (Fig. 41B), 
which aligns with the murine elastase model in [39]. Remodeling in response to elastin loss shifts 
the load from elastin to the collagen and actin. The collagen remodels to a lower stress state while 
the actin adjusts its contraction and remodeling to balance the load shifted from the collagen. This 
phenomenon results in increases in both actin and collagen fiber content (Fig 41E) and in growth 
of the MLU network (Fig. 41H). The removal of just elastin leads to increases in luminal 
diameter with medial thickening, which causes dilatation similar to that observed in elastase 
models of aneurysms [39, 194], but contrary to what is observed in elastin knockout mice [143]. 
In addition, the aortic stiffness increased when elastin was removed (Fig. 43), which is consistent 
with elastin insufficient mice [41] and the elastase-induced aneurysm model [39]. Particularly in 
[39] we note that the elastic fiber contribution to stress reduces to almost zero, indicating large 
increases in small-strain stiffness. The collagen contributions to the stress also increase indicating 
increased lockout stiffness.  We limit our discussion here to qualitative results because the mutant 
mice used to recapitulate these hallmarks of aneurysm do not maintain a normotensive blood 
pressure.   
In a majority of the cases studied here, there was increased tissue strength in response to 
removal of elastin. The reason for this is that the load previously borne by elastin is transferred to 
collagen or actin fibers, which thicken in response to overload. Since these constituents are 
stronger than elastin, the result is a higher failure stress. While this effect is theoretically 
understandable, it is never observed in aneurysmal tissues. The missing link may be disruption to 
the collagen or changes in synthesized collagen that arise due to underlying pathologies, or 
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possible failure occurring at fiber connection junctions rather than in a fiber itself (discussed 
further in Model Limitations). 
Reduced SMC Contractility: 
The murine Myh11 model of reduced contractility shows lower homeostatic stress [39], 
whereas in our model, contractility reduction alone showed little change in homeostatic stress 
(Fig. 41A).   The reduction of actin contractility redistributes load primarily to the collagen, 
whose remodeling drives subsequent tissue growth. In mouse models of Myh11 mutation, 
relatively little change in aortic wall diameter or thickness are observed [39], consistent with our 
model (Fig. 41G). Further, the Myh11 mouse shows decreases in elastin contribution to the 
material behavior (primarily affecting small-strain modulus)  along with increased circumferential 
collagen/SMC contribution to the material behavior (primarily affecting lockout modulus) [39]. 
Our model is consistent with these experimental findings. It should be noted that the Myh11 
mouse does maintain normotensive blood pressure [195].  
Dilated Vessel Mechanics: 
The dilated vessels in Fig. 43 show significantly different behaviors from one another 
both in mechanics and in failure (Table 7), even though they all exhibit nearly the same degree of 
dilatation and growth rate. Our model showed removal of elastin increased stiffness and shear 
modulus (Fig. 44), while decreased vSMC contractility lowered small-strain modulus and shear 
modulus, but increased lockout modulus. The transition strain is also increased with decreased 
contractility.  These relatively small perturbations to dilated vessels make a significant difference 
in material behavior and failure.  
We acknowledge that none of these growth scenarios reach the 50% increase in luminal 
diameter that is typically associated with an aneurysm, despite relatively large changes to the 
constituents. The modest changes in vessel size are due to the specification of the fiber growth 
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model. The modulus ratio in Eq. 8, for example, could be tuned to bring the magnitudes of these 
changes closer to experimental findings. Further, this model treats the growth and decay 
processes as coupled (i.e. there is only one remodeling equation) when, in reality, the processes of 
fiber decay through protease activity and fiber growth through fiber deposition occur through 
very different, and still largely unknown, mechanisms.  
Model Limitations: 
As with all models of complex systems, there are several limitations associated with this 
model. First, as discussed earlier, we use a Delaunay network, which tends to be more affine than 
one might observe of biological networks, especially collagen. Additionally, our structure of 
smooth muscle stress fibers and a coupled elastic lamina is a simplification of what is observed in 
arterial tissue. The actual arterial structure contains additional collagen surrounding the SMCs 
and elastin struts that protrude radially [14]. It is likely that altering the collagen-elastin lamella to 
be a 3D structure would reproduce these structures as we have already seen the same type of 
structures emerge from our model, albeit made from actin rather than ECM components. 
Nevertheless, the structural model here is significantly more representative than a purely 
continuous model. 
A second limitation is the use of osmotic pressure to describe bulk intracellular 
properties. While it is true that cells use osmotic pressure for various processes including 
movement, it is naïve to think that the osmotic pressure is the only bulk material model needed. 
One may well expect that the cell volume is controlled through numerous other biological 
mechanisms in addition to osmolarity differences.   
We assumed that fibers remodel toward a target stress. The fibers themselves are passive 
elements and cannot sense their surroundings. One could hypothesize that if the fibers are at 
higher stress, then the cell is also at higher stress, and its response is to release more procollagen 
and enzyme (peptidase), which causes fibers to grow. If we then add the experimental 
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observations of [148], a mechanism arises whereby loaded fibers grow, but unloaded fibers decay 
due to innate matrix metalloprotease (MMP) activity. An approximation of this process is the 
fiber growth model used in these simulations. 
An additional assumption in the fiber remodeling is that the fiber growth and decay 
processes are coupled (i.e. can be described through a single equation). However, it is clear that 
the mechanisms for fiber deposition and decay are very different from one another, and are linked 
in a complex way through cell signaling. The decoupling of these two processes could give us a 
much improved model allowing for more growth and fundamental changes in fiber properties. 
Additionally, the use of this single remodeling equation forces the remodeling process in a quasi-
static system (like the one we use) to approach a steady-state value. This simplification does not 
account for the continuous turnover of the ECM, and limits the predictive capabilities of this 
model in long-term growth (e.g. studying aneurysmal growth over the course of many years).     
An additional limitation in the model is that it currently does not capture the decreased 
strength of aneurysmal tissue. We believe this is due to the fact that we are not modulating the 
decay of collagen as a cell might in response to insult. The model does not account for many 
structural alterations that arise from SMC apoptosis or glycosaminoglycan (GAG) pooling. Both 
of these aspects could result in changes to tissue strength based on composition. Further, we 
believe that there are significant structural changes to the underlying networks (beyond just 
changes in constituent content, fiber radii, and fiber lengths), as opposed to our current simplified 
remodeling of the fibers in the network. Additionally, our current model does not distinguish 
failure strengths of bonds between constituents (nodes in the model). It is likely that strengths of 




The data presented here demonstrate that this model can capture a majority of 
experimental observations in the simple case of pressure overload (hypertension), and that it can 
be used to elucidate both bulk material mechanics and failure properties for many pathological 
scenarios. Further, our data have demonstrated that structural details, such as the interlamellar 
struts, can be identified and justified from this model. Discrete-fiber structural models, with 
increased detail, can be used to predict changes or disruptions in tissue architecture such as those 
coincident with aneurysm. Further, models of this type allow us to investigate the risk associated 
with certain pathological aneurysms.  
This model system allows us to simulate an extremely complex process. We can simulate 
experiments that are incredibly difficult to perform such as stimulating or inhibiting elastin, 
collagen, or actin production, altering mechanical loading during development, altering fiber 
architecture during the growth process, or changing the maturation process of fibers. Each of 
these aspects could be insightful in understanding disease pathogenesis for aneurysm formation. 
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Table 5: Constituent Models and Parameters 
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Table 7. Comparison of inter-sample pathological vessel differences showing properties with 
p<0.05. The upper right of the matrix shows material properties: small-strain modulus (EP), 
lockout modulus (EÊ), transition strain (εçèéê), and shear modulus (G). The lower left of the 
matrix shows failure properties: rupture strain (εèìí), rupture stress (σèìí), dissection strain 
























Figure 36. A. Circumferential stress evolution with normal blood pressure (100mmHg) and 
hypertension (150mmHg). B. Overall tissue stretch evolution. C. Fiber volume fraction evolution. 
D. Growth contribution of stretch evolution. E. Histogram of fiber stresses for each fiber type at 
t=135 days and t=300 days. F. Elastic contribution of stretch evolution. Solid lines are means and 





Figure 37. Representative arterial networks and overall size during the remodeling process 






Figure 38. Pooled histograms of all fibers in all networks (N=8) for A. fiber length evolution of 
actin and collagen. B. fiber radius evolution of actin and collagen. The green arrows show the 






Figure 39. Homeostatic hypertensive MLU showing small diameter (r<25um) actin fibers in 






Figure 40. Representative failure curves (black lines) and networks before (I) and after (II) failure 
for A. circumferential failure and B. shear failure. The red dot shows the mean failure behavior 
and the cross shows the 95% confidence interval. The blue arrows show the direction of loading, 






Figure 41. Material and failure properties for baseline normal blood pressure (blue) and a 50% 
increase in baseline blood pressure (yellow). Solid bars are means and the error bars are 95% 
confidence interval for N=8. The symbol † represents p<0.05 and the symbol ‡ represents 




Figure 42. A. Circumferential stress evolution for contractility reduced to 25% of normal with no 
elastin removal. B. Circumferential stress evolution for normal contractility with 30% elastin 
removal. C. Circumferential stress evolution for contractility reduced to 25% of normal with 30% 
elastin removal. D. Fiber volume fraction evolution for contractility reduced to 25% of normal 
with no elastin removal. E. Fiber volume fraction evolution for normal contractility with 30% 
elastin removal. F. Fiber volume fraction for contractility reduced to 25% of normal with 30% 
elastin removal. G. MLU growth for contractility reduced to 25% of normal with no elastin 
removal. H. MLU growth for normal contractility with 30% elastin removal. I. MLU growth for 
contractility reduced to 25% of normal with 30% elastin removal. Solid lines are means and the 




Figure 43. A. Normalized material properties and B. Normalized failure properties for baseline 
(blue), normal (100%) contractility with 30% removed elastin (orange), and 25% of normal 
contractility with normal elastin (0% removed) (gold). Solid bars are means and the error bars are 







Figure 44. Normalized homeostatic luminal diameter at load for all tested cases. The highlighted 
cases are within ±2.5% (dashed lines) of the mean for pathological growth cases. Circles are 






Figure 45. A. Mechanical properties of baseline and pathological vessels. B. Failure properties of 
baseline and pathological vessels. Solid bars are means and the error bars are 95% confidence 
interval for N=8. The symbol † represents p<0.05 and the symbol ‡ represents p<0.005 relative to 





CHAPTER 6: THE HOLZAPFEL-GASSER-OGDEN 
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The heterogenous, nonlinear, anisotropic material behavior of biological tissues makes precise 
definition of an accurate constitutive model difficult. One possible solution to this issue would be 
to define microstructural elements and perform fully coupled multiscale simulation. However, for 
complex geometries and loading scenarios, the computational costs of such simulations can be 
prohibitive. Ideally then, we should seek a method that contains microstructural detail, but 
leverages the speed of classical continuum-based finite-element (FE) modeling. In this work, we 
demonstrate the use of the Holzapfel-Gasser-Ogden (HGO) model [201, 202] to fit the behavior of 
microstructural network models. We show that Delaunay microstructural networks can be fit to the 
HGO strain energy function by calculating fiber network strain energy and average fiber stretch 
ratio. We then use the HGO constitutive model in a FE framework to improve the speed of our 
hybrid model, and demonstrate that this method, combined with a material property update scheme, 
can match a full multiscale simulation. This method gives us flexibility in defining complex FE 
simulations that would be impossible, or at least prohibitively time consuming, in multiscale 






 Biological soft tissues are hyperelastic materials exhibiting a broad range of behaviors. 
This behavior is largely dictated by the presence of both basal gel-like substance and composite 
networks of fibers (Fig. 45). To date, most mathematical descriptions of material behavior rely on 
constitutive relations in the continuum mechanics framework. Many of these material models are 
drawn from an average over the microstructure. The benefit of material models of this form, like 
the Holzapfel-Gasser-Ogden (HGO) model (also known as the Gasser-Ogden-Holzapfel (GOH) 
model) is that the calculations of both stress and elasticity are simplified into a straightforward 
mathematical form. The alternative, then, is the multiscale model, where one precisely defines the 
microstructure, then passes microstructural information up a scale to the macroscopic geometry. 
The benefit of multiscale models is one extracts much information on the material at the fiber 
composite level. However, such models are computationally expensive. On the other hand, what 
continuum constitutive models lack in material detail, they more than make up for in 
computational savings over their multiscale counterparts. Therefore, perhaps the most ideal 
option would be a hybrid approach, leveraging the speed of continuum constitutive relations 
when the microstructural detail is not needed, and using a multiscale model when we seek 
information on the cellular scale. In this work, we propose a simple solution for coupling a 
microscale fiber-network model to a macroscale continuum constitutive model of the HGO type 
with the goal of improving computational efficiency of the multiscale model while maintaining 
microstructural detail.  
Methods: 
Mathematical Preliminaries: 
Kinematic quantities important in the following analysis are given here. The first important 
descriptor is the deformation gradient, R, which maps the deformation from the undeformed 
domain to the deformed domain. Out of the deformation gradient comes the Jacobian, ö which is 
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given as the determinant of R, and represents the volume change due to the deformation. Additional 
important kinematic variables are the right Cauchy-Green tensor C, defined by l÷ø = 'mo'/o, and 
the Green-Lagrange strain tensor E, defined by ÷ø = c9 l÷ø − ù÷ø where ù÷ø is the Kronecker 
delta. In this work, we also use several strain invariants. The isotropic first strain invariant, dc =
l÷÷ , and the transverse isotropic fourth strain invariant, di = n÷Pl÷ønøP, dictated by a direction vector, 
r. We further define the fourth strain invariant as the square of the averaged fiber stretch 〈di〉 =
÷øl÷ø = =ü9, where ÷ø is the generalized structure tensor (defined below) and =ü is the averaged 
fiber stretch. A number of mechanics quantities are also addressed in the following analysis. The 
first is the concept of stress. The Cauchy stress carries the physical interpretation of force per 
current cross-sectional area and is defined as  = 9ø R Wý Rþ where W is the strain energy density 
function for the material. The second Piola-Kirchoff stress is defined as  = WT = 0R«þR«c, 
which carries no meaningful physical interpretation, but does represent a useful quantity for 
purposes of calculation due to both force and area being mapped to the reference configuration. 
Our goal is to convert a discrete fiber network model, which allows a high degree of structural 
fidelity but is computationally intensive, into an HGO model, which is computationally much more 
tractable. Because our goal is computational simplicity, we use the simple form of the HGO model 
shown above in Eq. 1. It is routinely assumed in affine models of this type that the constitutive 
equation can be written in terms of independent contributions from a non-fibrous matrix and the 
fiber network. The non-fibrous matrix is often incompressible or includes a volume-dependent term 
to limit material compressibility. Similarly, in multiscale models [107, 203, 204], a separate neo-
Hookean matrix is introduced in parallel to the network. For the present analysis, it is therefore 
assumed that the fiber network contribution is distinct from the neo-Hookean, incompressible non-
fibrillar matrix, and the current work focuses on the fiber network contribution only. The 
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fundamental challenge to be addressed is to convert a fiber network model into one based on the 
fiber stretch via di (i.e. n÷Pl÷ønøP in a model of the classical HGO form  
S = lcdc − 3 + Sdi    Eq. 1 
where W is the total strain energy, lc is the neo-Hookean ground matric material constant, dc is the 
first strain invariant of the right Cauchy-Green tensor, and Sdi is the strain  energy density of 
the tissue fibers). That is, the problem is to determine parameters C2 and C3 such that the model 
S = l9 2l⁄ [)Ll〈di〉 − 19 − 1]   Eq. 2 
yields a fiber-network strain energy density function S that matches the results from the network 
computations. Here we delineate the difference between the square stretch, di, in a given direction 
r, and the square stretch in the average fiber direction 〈di〉 = ÷øl÷ø. The invariant 〈di〉 is 
calculated as the double contraction of a generalized structure tensor ÷ø with the right Cauchy-
Green tensor l÷ø. The generalized structure tensor ÷ø is defined as 
÷ø = cÑ Û Ý÷Ýø = ∑ ÑÆÆÆÆ	∑ ÑÆÆ	      Eq. 3 
where 
 is the unit vector in the direction of fiber m, and  = "9 is the volume of a 
fiber with radius,  and length, . The calculation of the generalized structure tensor and its use 
to calculate 〈di〉 are based on the underlying assumption that, in general, the network behaves 
affinely. This calculation does not account for different properties of fibers such as the tension-
compression asymmetry of fiber response, or the different fiber types that might occur (e.g., 
collagen and elastin). There are also differences incurred because the fibers are exponential and the 
deformation in a network is not affine, meaning the apparent modulus of any given fiber need not 
be the same as any other or, in fact, the average fiber. There are several ways one could approach 
this problem, including calculating the end-state ℎ/m = '/ooÀ'Àm for the network and mapping it 
back to the undeformed domain with or without those fibers that are in compression. This strategy, 
however, would rely on an accurate representation of the deformation, which is often unknown a 
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priori. A second option would be to not calculate the structure tensor from the fiber network, but 
instead treat its components as additional fitting parameters. Doing so, however, would leave the 
underlying structural information we have from the microstructural networks unutilized.    
One of the challenges with a structure-tensor-based model is the so-called tension-compression 
switch. Fibers are very stiff in tension but buckle and support almost no load in compression. If the 
structure tensor and the resulting calculated 〈di〉 do not exclude fibers in compression, then the 
model is at risk of overpredicting the stress response, especially if the model has been fitted to data 
from a different strain field. This issue has received much discussion (e.g., [205, 206]), and 
variations have been proposed in which compressed fibers are excluded [207, 208]. In the current 
work, we chose to use a simpler, all-fiber structure tensor. As noted earlier, the tension-compression 
switch is approximated smoothly in the discrete-fiber model by the exponential fiber constitutive 
equation; the specific representation of the switch has relatively little effect on the overall network 
mechanics [209]. We refer the reader to the in-depth discussions on structure tensors and tension-
compression asymmetry in biological tissues given by Holzapfel et al. [206] and Melnik et al. [208]. 
To define the network behavior of biological soft tissue, Delaunay networks were generated 
using the Delaunay triangulation function, delaunay, in MATLAB R2019a (MathWorks, Natick, 
MA). Briefly, randomly generated seed points in the 3D space were used to generate a Delaunay 
tetrahedral network. The seed points represent network nodes, and the edges of the tetrahedral 
regions represent the fibers. After initial generation, the number of the seed points was adjusted to 
obtain a defined final volume fraction for each network, holding the fiber cross-sectional areas 
constant. The fiber volume fraction in a network is given by  
 t = ÑÖÑ = Ù ∑ NÆÚÀ∗ÆÆ	ÙÄÑ∗            Eq. 4 
where tis the fiber volume fraction, is the total fiber volume,  is the network volume, Ô is a 
scale factor converting from computational length units to real length unit [m],  is the radius of 
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fiber m, ∗ is the length of fiber m in computational space, and ∗ is the network volume in 
computational space.  
The fibers in these networks were modeled as one-dimensional nonlinear springs connected at 
freely rotating pin joints (nodes) at two ends. The fibers are subjected to moderate to large strains 
and have negligible bending stiffness. The governing equation describing the fibers in the network 
was adapted from [210] and is defined as    
 = }× )L[] − 1    Eq. 5 
where  is the force generated within the fiber, A is the fiber undeformed cross-sectional area, k 
and B are constant and represent fiber stiffness and nonlinearity, respectively, and  = c9 =9 − 1 
is the Green strain of the fiber, m, stretched to stretch ratio m. The values for k and B in Eq. 6 and 
the fiber radius were set to 10 MPa, 2.5, and 100nm, respectively, following Dhume et al. [211]. 
We emphasize that the function in Eq. 6 represents a single fiber in the network, where the function 
itself is chosen so that the force is zero at zero strain, with large magnitude forces developed in 
tension and low magnitude forces developed in compression, simulating the tension-compression 
switch seen in native collagen fibers. The solution of the network state given a prescribed 
deformation was calculated using Newton iteration to balance all forces on internal nodes. The 
overall Cauchy stress state for the network was then calculated as 
      K/m = cÑ Û K/m ≈ cÑ ∑ K}jc  = cÑ ∑ BQÆ×ÆC m}jc = cÑ ∑ /m}jc      Eq. 6 
where K/m is the network volume averaged Cauchy stress, V is the network volume, K/m is the 
Cauchy stress of fiber m,  is the volume of fiber m, / is the force from fiber m,  is the 
instantaneous cross-sectional area of fiber m,  is the fiber normal direction in the deformed state, 
and  is the current length of fiber m. 
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There are, of course, infinitely many possible deformations, but a material property fitting 
problem can be reduced conveniently by considering the fiber network strain energy S as a 
function of =ü  = Ð〈di〉 = ÐHC, which represents an averaged fiber stretch in the affine, 
continuous model. Although the product HC does not have any physical meaning within the 
context of the non-affine discrete fiber model, it is easily calculated and convenient for use in the 
fitting process. Likewise, S can be calculated either from computing an average stress in the 
domain [109] and integrating it with respect to its energy conjugate in the continuum sense to 
determine a strain energy, or by summing the total strain energy of all fibers and dividing by the 
domain volume. These two methods are given by 
S = Û y÷ø÷øjP = cÑ Û  ≈ cÑ ∑ }jc    Eq. 7.1 
where S is the total strain energy density of the fiber network, y÷ø is the second Piola-Kirchhoff 
stress, ÷ø is the Green strain,  is the strain energy density of fiber p,  is the domain volume, 
and  is the volume of fiber p.  The individual strain energy of a fiber is given by 
 = Û y÷ø÷øÆÆjP       Eq. 7.2 
The results from a network simulation of any macroscopic deformation can then be 
represented as S vs. =ü. This method is further summarized in the flowchart in Fig. 46. With 
S vs. =  from the network determined, the total-fiber constitutive law can be fit to the aggregated 
network-scale simulation results. Although in principle any fiber constitutive law could be used, a 
continuum model in an exponential format that is similar to the fiber’s qualitative behavior is an 
intuitive choice to predict fibers’ overall behavior. Therefore, throughout this work we use the 
expression of Eq. 2 and fit l9 and l to the S vs. =curve.  
One can fit the behavior of a network by subjecting it to many potential deformations and fitting 
the total data, or one could simply fit one single deformation of interest. The former will give a 
better rough estimate if the actual deformation of the material is unknown, while the latter will be 
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more accurate if there is confidence in the magnitude and type of deformation the network will 
undergo. We henceforth refer to the initial average fit to many deformations as the HGO fit and to 
the later fit to a single deformation as the refit. Care must be taken when refitting to a single 
deformation, as not all deformations will cause the average stretch to be greater than one. In these 
cases, the fit will not capture the behavior of the network, and an alternative fit should be used. In 
our model, we use two methods for dealing with this issue: 1. If the average stretch never exceeds 
one, we simply make the fiber modulus zero, thereby removing the fiber contribution, and 2. If the 
average stretch does eventually exceed one, but the fit is poor due to the behavior of the strain 
energy curve (i.e., Fig. 48), we attempt to fit only the slope of the strain energy curve for which the 
average stretch is greater than one. This effectively allows us to fit something closer to the stress, 
as the stress is directly related to the slope of the S vs. =curve. 
Hybrid Microstructural-Continuum Multiscale Approach 
The novelty of this approach is that it removes much of the computational overhead needed in 
fully coupled multiscale approaches. Particularly, the use of the network model to fit a continuous 
material model (HGO) lets us leverage the increased speed in calculating both stress and the 
material (or spatial) elasticity tensor of the continuum material model over the micro-network 
model. Take, for example, a network consisting of Q fibers and R nodes where we have Cauchy 
stress given by Eq. 7 converted to the PK2 stress to calculate the material elasticity tensor 
l÷ø = Íà = Íà  cÑÒ '÷«c8∑ }}¥}}jc :'ø¥«c  Eq. 8 
where y÷ø is the network PK2 stress, and l is the right Cauchy-Green tensor, P is the 
undeformed network volume, R«¼ is the inverse deformation gradient tensor, » is the fiber force 
vector, » is the fiber direction vector, and  is the fiber current length.  If we examine these 
equations, it becomes clear that, at a minimum, we would need to calculate the fiber force,  for 
each fiber, k, and we would need to calculate something akin to the fiber elasticity,  
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Íà B8∑ }¥}}jc :C for each fiber, k. For each network at each Gauss point in each element (i.e. 8 
networks per hex element), we would have to calculate both of these quantities. That means we 
would have to run one network simulation per Gauss point and make Q calculations for the stress 
and Q calculations for the elasticity per network, if there existed an analytical solution to the 
elasticity tensor, which, in the case of non-affine networks, is not necessarily the case. Additionally, 
the network solution relies on determining the static force balance of internal nodes, which, if 
solved explicitly, would yield another R calculations. However, this solution typically involves 
implicit solution via Newton iteration, resulting in between 5-10 iterations to achieve static 
equilibrium for a well-conditioned network. Thus, in the best case scenario, we would have 2Q+R 
calculations per Gauss point. If we contrast this with the HGO model, which involves one stress 
calculation and one elasticity calculation per Gauss point, we might well expect a decrease in 
computational cost on the order of  + c9  per Gauss point.  
Once the HGO properties are fitted to the network simulations, we can use those material inputs 
in a finite element (FE) framework as shown in Fig. 47a. This allows us to rely on the constitutive 
relation to solve the FE simulation rather than having to use costly microscale network simulations.  
Further, once we have the solution from the FE simulation, we can extract the deformation gradient 
at any point of interest and run the networks to evaluate any microstructural quantities such as fiber 
orientation or fiber stresses. This offers us the ability to evaluate discrete quantities in regions of 
interest, or to pass strains down to the microstructure to evaluate fiber remodeling or failure.  
In an FE simulation, one often is concerned with an imposed deformation that occurs in a series 
of small steps. In this case, one can choose whether to iterate at a given step until the deformation 
field and model are consistent, or to adjust the model based on a given step and use the updated 
parameters for the next step. The latter approach introduces some error in that the continuum model 
does not match the microscopic model at the end of the step, but it has the considerable efficiency 
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advantage of allowing an update at relatively low computational cost. The lagging update errors 
can also be further mitigated by imposing smaller deformation steps where in the limit of an 
infinitesimally small step the error becomes zero. If one only cared about the end state of the 
deformation, then this method would introduce little error, especially if the state or states of interest 
are iterated to match microscopic and macroscopic stress. For this work, we chose the less costly 
approach of allowing the continuum model correction to proceed with the previous step update, 
and only iterate the state of interest, which in our example (2.7) is the final step. This process is 
shown in Fig. 47b.  
In this study, we compared the fit of the HGO model to an array of deformations and the fit of 
an HGO model to a specific deformation. To do this, we first fit the network to x-uniaxial 
(magnitude 1.25), xy-biaxial, xz-biaxial (magnitude 1.1), xy- shear and xz-shear (magnitude 0.15). 
Once the HGO model had been fit, we tested it on a deformation that differed from the ones used 
in fitting the model parameters. Specifically, we modeled an element from complex motion of the 
stretching and three-point bending of a facet capsular ligament as in [212]. We imposed the 
deformation gradient of an element experiencing maximum stretch during the simulated 
experiment: 
R =  1.239 0 0.00350 1.048 −0.0014−0.0080 0.102 0.770     Eq. 9 
which was dissimilar to the uniaxial, biaxial, and shear deformations used to fit the initial HGO 
model. The deformation was imposed on the discrete network model, and the volume-averaged 
Cauchy stress was determined. Concurrently, the Cauchy stress was calculated by the HGO model 
using the parameters fitted to the suite of deformations (given above as HGO fit). In addition, in 
keeping with the refit update strategy discussed above, after the simulation was done, we refit the 
HGO model to S vs. = giving us stress estimates for the deformation imposed in Eq. 9.  
145 
 
Comparison between Network-to-HGO Model and Full Multiscale Model 
The goal of the proposed method is to facilitate higher-efficiency multiscale simulations based 
on network structure. To evaluate its potential, we performed a full multiscale simulation of a 
representative L4-L5 facet capsular ligament (FCL)  sample during spinal flexion (reproducing the 
model of Zarei et al. [213]). The model boundary conditions are defined through application of 
nodal displacements based on the bone surface from the kinematic simulation of Bermel et al. [214].  
Additional details of the simulation setup are available in [213]. The same micro-networks used in 
[213] were applied in the network-to-continuum scheme, and the resulting continuum 
biomechanics problem was solved using the open-source finite-element platform FEBio [121]. 
Because FEBio does not support the HGO model, the ligament was modeled as a coupled solid 
mixture of a Mooney-Rivlin (effectively reduced to a neo-Hookean) ground matrix with three fiber 
families, leading to the strain energy density function 
 S = S + S                Eq. 10A 
where W is the total strain energy density. The first term in the total strain energy density is the 
non-fibrillar matrix component of the strain energy density S given by 
       S = lcdc − 3 − 2lc  0 + X9  09              Eq. 10B 
where lc is half the second Lamé parameter relating to the neo-Hookean material parameter, dc is 
the first strain invariant of the right Cauchy-Green tensor, l÷ø,  0 = det R is the differential volume 
change of the deformation, and = is the first Lamé parameter relating to the bulk modulus. The 
tissue was considered as a compressible material with a matrix modulus and bulk modulus that 
matched those used by Zarei et al. [213]. The compressibility of the FCL was experimentally 
observed by Little et al., who suggest that the Poisson’s ratio is as low as 0.3 [215]. The second 
half of the strain energy density is the fiber component of the strain energy density S given by 
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S =  l9/2l ∑ ℎY B)L8ldiY − 1:9 − 1CYjc                 Eq. 10C 
where l9 represents the fiber modulus, l captures fiber nonlinearity, ℎY is the weighting factor 
for fiber family p, diY = l÷øÝ÷YÝøY = =Y9 is the fourth strain invariant of the right Cauchy-Green 
tensor, l÷ø, 
Y is the unit vector pointing in the direction of fiber family p in the undeformed state, 
and =Y is the average fiber stretch of fiber family p. The undeformed direction vectors 
Y, were 
generated directly from the structure tensors ÷ø by taking the eigenvectors, which, since ÷ø is a 
symmetric positive definite matrix, give three orthogonal fiber directions.  For the current work, 
we use these three orthogonal fiber families pointing in the principal directions of ÷ø  and assign 
the weight ℎY to each family based on the eigenvalues of ÷ø corresponding to each eigenvector 

Y.  Fiber material parameters l9 and l were fit to the S vs. =plots using the method described 
above. The neo-Hookean material parameter, lc, and the bulk modulus parameter,  =, were set to 
0.025 MPa and 0.417 MPa, respectively, to match [213]. The analogous stress for this strain energy 
function can be found in the FEBio manual [216] under compressible materials Fiber with 
Exponential Power Law (4.1.3.8) and Coupled Mooney-Rivlin (4.1.3.17). 
Briefly, to generate the finite-element simulation, we imported the L4-L5 FCL geometry mesh 
of hexahedral elements [213], and applied HGO parameters to each individual element 
corresponding to the microstructural networks applied in [213]. To simulate flexion, the 
displacement of the nodes at the entheses (left and right sides of Fig. 4a) were specified based on 
the the L4-L5 motion segment model [214] as further described in [213]. 
Initially, micro-networks from the full multiscale model were fit to the HGO using multiple 
deformations, as described previously. A FEBio model of the representative FCL sample bending 
in flexion was then simulated using the initial HGO fit for fiber material parameters in Eq. 7C. For 
added accuracy, the deformation gradient tensor for each element in the FEBio HGO model was 
then used to refit the fiber material parameters. For comparison, maximum shear stress and 
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maximum shear strain fields were computed for the full multiscale model, the FEBio initial HGO 
model, and the FEBio refit HGO model.   
Results: 
A simple validation of the initial HGO fit and refit process is shown in Fig. 48. The initial HGO 
fit of uniaxial, biaxial, and shear deformations produces stresses of a similar magnitude as the 
network simulation under the deformation given in Eq. 9 (Fig. 48a). However, the results show 
large discrepancies in the shape of the curve (Fig. 48a), which are largely corrected in the refit 
process (Fig. 48b). The study presented indicates the viability of ftting an HGO model using the 
underlying orientation and a generated S vs. =for many deformations to give a rough estimate 
of parameters, while highlighting importance of the refit process to producing the proper behavior. 
Further, this case study demonstrates how network mechanics vary significantly from the 
extrapolated HGO model under different deformations. 
The trouble with extrapolating network mechanics can be partly explained by the non-affine 
nature of fiber networks. As a simple verification, suppose we have the network shown in Fig. 49a 
having ÷ø = 2/3 00 1/3. If we stretch in the direction of fibers as shown in Fig. 49b where '/ø =
3/2 00 2/3 and l÷ø = 9/4 00 4/9, we have an estimated average fiber stretch of 〈=〉 =
Ð÷øl÷ø = Ð3/2 + 4/27 = 1.284. If we simply compute the average stretch of the three fibers 
we have =c = 2/3 and =9 = = = 3/2 which gives us a mean stretch of =̅ = 1.222. Now if we 
take the same network and stretch transverse to the direction of alignment as shown in Fig. 49c 
where '/ø = 2/3 00 3/2 and l÷ø = 4/9 00 9/4, we get an estimated average stretch of 〈=〉 =
Ð8/27 + 3/4 = 1.023. If we then compute the actual stretches by computing the equilibrium 
positions assuming that the fiber forces are linear in strain such that sum of vertical forces is zero: 
∑  = 0 = c/ − 1 − 29/ − 1cos    Eq. 11 
148 
 
and enforcing the geometric constraints that 9 cos + c = 1.5/2 and 29 sin = 1/1.5, we 
can solve giving c = 0.439 , 9 = 0.456, and  = 47.0\. Thus, the stretches are =c = 0.88 and 
=9 = = = 0.91 giving an average stretch of =̅ = 0.900. This example leads us to two observations: 
1. The estimated stretch transverse to the direction of alignment is far from that in the direction of 
alignment, and 2. The estimated behavior of the stretch transverse to the direction of alignment is 
not representative of the true average, and is, in fact, indicating the network is in tension when the 
true behavior of the network shows all the fibers in compression. This simple example drives home 
the point that the networks estimated using the structure tensor, ÷ø can be quite different from the 
real network behavior when the network is loaded transverse to its preferred direction of alignment. 
This issue one can encounter when trying to fit the network behavior to the HGO model where the 
network itself develops almost no stress (effectively zero since the fibers buckle in compression) 
despite the fact that the HGO model using the structure tensor and calculating 〈di〉 indicates the 
fibers should be in tension. This results in a fitted HGO fiber stiffness of ~0, which is clearly 
unphysical in general, but may be true for certain deformations. This effect is one that we must 
account for in our fitting method (e.g. by using a fit/refit process). 
Maximum shear stress and strain fields are shown for the multiscale model, initial HGO model, 
and refit HGO model (Fig. 50). The maximum shear stress and strain distribution of the HGO 
model compared to the multiscale model are visually similar, and the HGO model was able to 
predict the regions of high shear stress and strain. The initial HGO model parameters 
underpredicted the magnitude of the maximum shear stress and overpredicted the max shear strains 
in these regions, but the accuracy of the tissue’s stress prediction improved with a refit of the HGO 
parameters with each element’s average deformation gradient tensor. The refit HGO model more 
accurately localized regions of high tissue shear stress, at the cost of a small increase in the tissue’s 
strain, when compared to the initial HGO model. This observation is supported by the improvement 
of RMS error of the refit HGO model maximum shear stress compared to the initial HGO model. 
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The RMS errors for the initial HGO model maximum shear stress and strain are 0.074 MPa, and 
3.28%, respectively. The RMS errors for the refit HGO model maximum shear stress and strain are 
0.062 MPa, and 4.12%, respectively.  Further, the computation time for the entire HGO simulation 
including the final step refit is shown in Table 8. The time to run the HGO simulation is orders of 
magnitude decreased over the full multiscale simulation.  
Table 8. Computation Time for Multiscale vs HGO FE model 
Task 
Multiscale HGO 
Time [CPU hour] 
Initial Simulation and Fit of 900 Networks (x 5 deformations x 20 steps) NA 1.12 
Re-simulation and Refit of 900 Networks (x 1 deformation x 20 steps) NA 0.34 
FE Simulation 2622.69 0.02 
Total 2622.69 1.48 
Discussion: 
In this work, we developed a hybrid microstructural-continuum multiscale model to reproduce 
the macroscopic constitutive behavior of a structure-based multiscale simulation. This paper 
presents methods to speed up the model construction and full analysis of a discrete-fiber multiscale 
model while accounting for the microstructural details of a heterogeneous tissue such as FCL. The 
proposed work uses the structural parameters of discrete fiber networks in a continuous-fiber model 
such as HGO to decrease the computational cost of a full multiscale simulation of a heterogeneous 
tissue from 2622.69 to 1.48 CPU-hours as is shown in Table 8.    
The results of Fig. 48 suggest that extrapolating beyond the fitting range can give an overall 
rough estimate of behavior, but it is important to update the parameters based on the deformation. 
If the deformation of interest is known (e.g., one knows that the system will be loaded in equibiaxial 
extension), then one can simply fit a model to that deformation and use the model, but the 
deformation of interest is almost never known a priori. Even if the type of deformation or the 
boundary conditions are known, however, the magnitude of the deformation is often unknown, and 
tissue heterogeneity virtually assures that the local deformation is different from the applied 
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(global) deformation, so it is essential to have a procedure that can be used to provide a good initial 
guess of the continuum model parameters one needs, as well as a method for updating the 
parameters. This work demonstrates reasonable methods for selection of initial parameters via 
fitting multiple deformations, and a refitting process based on the simulation deformation gradient. 
These results indicate that the HGO model itself does not fully capture the change in network 
behavior with the generalized structure tensor, ÷ø. One issue with this structure tensor is that, to 
properly capture the behavior of a dispersed fiber population with a tension-compression switch, 
one needs to recalculate the tensor using only the tensile fibers. In an ideal case, this would be done 
for each deformation step (alternative approaches are not given here, but are discussed in [206, 
208]). Such an approach could help alleviate some of these differences observed in the current 
study, but the cost of performing a spherical integration over 3D distributions of fibers might well 
prove greater than that of the simple refit process, especially for multiple fiber families or multiple 
fiber types. Some network models, might be better fit, to a certain extent, by a compressed-fiber-
excluding macroscopic model, and a more thorough testing regimen achievable via computational 
vs. experimental tests may provide more insight into exactly what behaviors are captured or lost by 
such models. Future in-depth studies of on the translation of a discrete, fiber-level tension-
compression switch to a macroscopic fiber compression exclusion model are merited. 
As discussed above, we do not account for the fiber tension-compression asymmetry in the 
calculation of ÷ø. That is, ÷ø is calculated based on all fibers in the initial state. We instead capture 
the fiber tension-compression switch through the fiber constitutive law, which is much stiffer in 
tension than in compression. The tension-compression switch of fibers is intrinsic to the 
microstructural model, so we remove the requirement for fiber exclusion from the structure tensor 
[206, 217]. The HGO parameters C2 and C3, which are fit to the results of the microstructural 
simulations, are thus informed by the tension-compression asymmetry inherent to the model. It may 
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be possible that a better fit of the microstructural model could be obtained by an HGO model with 
a tension-compression switch, but that possibility was not explored in the current work. 
We further described how a curve-fit of multiple simulations could allow one to select 
continuous model parameters to represent Delaunay networks with arbitrary orientation without 
rerunning simulations (Fig. 48). The construction of such databases of properties for networks can 
further simplify the assessment of material parameters that describe network behavior. While the 
equations show a high degree of variance, construction of a broad curve-fit of parameter values can 
give us a reasonable starting point for a wide range of networks. The initial fitting of the network 
behavior to multiple deformations is the largest contribution to the overall time spent on simulation 
for the HGO FE model (Table 8). Thus, if one can select starting parameters based on network 
orientation and some other metric of network construction like network type (Delaunay, Voronoi, 
etc.), one can greatly reduce the time to produce simulations. In fact, this method of reproducing 
network parameters from pre-defined relations rather than having to generate and run the networks 
could have a significant impact on creation and simulation of multiscale tissue models, allowing 
for many hypotheses to be tested quickly with regards to fiber orientations, tissue composition, or 
localized defects. If such a strategy is to be pursued, however, it is imperative that the starting 
parameter values be based on networks similar to the ones being used in the simulation. 
We describe the application of the microstructural-to-HGO modelling strategy to a finite-
element simulation. This simulation shows similar results to a full multiscale simulation (Fig. 50) 
while reducing the model construction and simulation time by orders of magnitude over a full 
multiscale approach (Table 8). As mentioned previously, this approach, combined with estimation 
of material parameters without generating and simulating networks, could enable multiscale 
simulations without the need for a supercomputing cluster. Eliminating the necessity of bridging 
micro- to mm-scale could also open up opportunities to take tissue multiscale approaches up 
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another scale level to organ or full-body kinematics, further helping us identify things like the role 
local FCL defects play in the spine or elucidating the role of microstructure in aneurysm mechanics.     
Model Limitations 
As with all models, the proposed system has several limitations. First, because the HGO model 
is an imperfect estimator of actual network behavior, there will be intrinsic errors even after the 
proposed refitting procedure. One could perform this analysis with other constitutive models that 
may capture specific behavior differently as compared to the HGO model (take for example the 
Blatz-Ko material for compressible materials like collagen gels [218], or any of a number of 
actively contracting models for vascular tissues such as [219–221]). The proposed technique is 
adaptable to different constitutive models, and could be fit to multiple affine models to select the 
best choice. 
As noted above, the HGO model did not fully capture the observed network behavior. We 
observe that a strength of our approach is that the computational experiments are not limited by the 
physical realities of equipment design and sample damage, so one can perform any experiment 
desired and as many experiments as desired. As a result, any inability of the continuum-scale model 
to capture the micro-scale network model's behavior will be apparent. Whether this effect is a 
positive or negative feature depends on the perspective of the user: it virtually guarantees 
inconsistency between the micro- and macro-scale models in some deformation, but it enables the 
user to see exactly where and how severe such inconsistency is, which could be valuable. For 
example, one could decide that the inaccuracy is in a range of deformations that are not 
physiologically relevant, or the inconsistency could inspire the development of new constitutive 
models at the continuum scale. 
Another limitation of the approach in current form is the restriction to a single, non-evolving 
network. A major advantage of the full multiscale approach is the ability to accommodate changes 
in the network due to, e.g., failure [45, 222, 223] or remodeling [110, 113]. In the case of an 
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evolving network, the macroscale parameters would necessarily have to be refit at each step. 
Knowing the deformation state at the previous step could allow for efficient re-fitting, but there is 
much work still to be done to identify the optimal strategy for such problems. Similarly, in 
particular in the case of the arterial wall, multicomponent models are important at both the 
microstructural [10, 45, 223] and macrostructural [224–227] scales, and the best strategy to fit a 
multicomponent, discrete-fiber microstructural model is by no means clear and has not been 
explored in this work.  
Lastly, compressing the network in the direction in which most fibers are aligned might result 
in average of fiber stretch (=ü) less than one. In this case, some fibers are still stretched leading to 
a rise in the strain energy. The fitting procedure will be unable to capture these behaviors, and such 
artifacts will cause an increase in the stiffness of the model, since the slope of S vs. = curve, i.e. 
stress, will be artificially increased as the fit attempts to match the network when average stretch 
becomes greater than one (i.e. S has been increasing from the network model since some fibers 
are in tension, but the overall average =ü is still less than one, thus the fit must be stiffer than the 
network in order to minimize the distance between the curves). Conversely, as observed in the 
example given in Fig. 49, it is also possible for the average fiber stretch =ü to give a value greater 
than one, while the true average is less than one. This would indicate that the fibers themselves 
have a negligible effect on the behavior. While this might be true for a specific deformation, it is, 
in general, not an accurate representation of the material, and thus requires special care to be taken 
in the fitting process. These problems are mostly theoretical, since tissues are almost always loaded 
in the direction that their fibers are aligned, but it is nonetheless important to make sure there is a 
method for dealing with this issue in this framework. We offer one solution in this work, but it is 
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Figure 46 a. Quantitative Polarized Light Imaging (QPLI) of the brachiocephalic artery 
bifurcation showing macro-scale fiber orientation vectors. b.  Second Harmonic Generation 
(SHG) imaging of collagen microstructure in the Facet Capsular Ligament (FCL). c. Scanning 











Figure 48. Schematic of the hybrid continuum-discrete multiscale approach. b. Flowchart for the 




Figure 49. Comparison between HGO model and network simulation under complex deformation 





Figure 50. a. Undeformed network where c = 9 =  =  = 1/2. b. Network stretched in the 
direction of strongest alignment where 9 =  = 3/4 and c = 1/3. c. Network stretched 






Figure 51. Maximum Shear Stresses and Strains of the multiscale, HGO, and refit HGO models 
for a single representative FCL sample during spinal flexion. The HGO model predicted the 
location of high shear stresses and strains while the refit HGO model improved the accuracy of 
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The evolution of biological tissues as they grow and adapt remains of vital importance for 
understanding disease states from aortic aneurysm to low back pain. Understanding how cells, as 
the active component of tissues, modulate their environment through the manipulation, addition, 
and removal of constituents is significant, not only from the aspect of understanding disease 
progression, but also for creating therapeutics such as tissue-engineered grafts. In this work, we 
demonstrate a technique for performing multiscale fiber-network remodeling simulations utilizing 
existing finite-elements codes and discrete-fiber networks. This technique offers unique insights 
into fiber remodeling and subcellular structural mechanics. We are able to verify the technique 
using a simple geometric case, and further validate it against simple existing tissue engineered 
constructs. We recapitulate macroscopic measurables including mechanics and fiber orientation, 





Recently there has been a move toward computational validation of medical devices in early 
development, preclinical testing, and in U.S. Food and Drug Administration (FDA) approval 
[228, 229]. However, despite the amount of data one can gather from classical finite element 
models, many still fall short in predicting both failure and growth/remodeling. These two aspects 
are particularly important in trying to understand impacts on the body while trying to optimize 
long-term outcomes. Researchers and companies expend many resources on preclinical trials of 
devices, many of which end up with devices underperforming and requiring redesign. One 
example of the successes one can make by simply refining designs in computational tools is that 
of Sanders et al. and Emmert et al. where heart valves were redesigned following computational 
analysis using growth and remodeling, and the redesign validated in a preclinical trial in sheep 
[92, 106]. While this study demonstrates how effective computational modelling can be in design 
of medical devices, we propose taking the idea a step farther in order to understand what happens 
at the microstructural level and predict abhorrent remodeling or failure modes the tissue may 
undergo based on the underlying extracellular matrix (ECM).  
Previous work in the field has been performed using continuum models of growth beginning 
with the work of Skalak [161]. This outlined the general form for modeling continuum growth in 
biological tissues which was expanded to arterial tissues [65, 66, 80–84]. These methods focus on 
the adaptation of generic cylindrical structures to pressure and stretch. Recent work has focused 
on taking these models and applying them to increasingly complex geometries or increasingly 
realistic constitutive relations [85, 86, 95–100, 87–94]. In our analysis, we focus on the 
simulation of an aortic valve implanted in adolescent sheep [230, 231]. Others have approached 
similar problems using continuum remodeling [105], but our technique offers unique insight into 





 Modeling tissue growth and remodeling has been performed in many ways. Traditionally, 
the material undergoing growth and remodeling is treated as a continuum.  There are two ideas 
that intersect in the area of tissue growth and remodeling one is the idea of kinematic growth, as 
in [71, 80–82, 161], where one can have the reference configuration grow based on some 
underlying remodeling law, and the growth of the tissue can be prescribed as a deformation 
tensor. This is show schematically in Fig. 52, and is given mathematically as 
'/ø = '/o¾ 'oø      Eq. 1 
where '/ø is the total deformation tensor, '/o¾  is the growth tensor which is the mapping from the 
initial reference configuration to the grown reference configuration, and is typically a function of 
stress or strain (stretch), and 'oø  is the elastic deformation tensor, which is the elastic 
deformation from the growth reference configuration to the deformed reference configuration. It 
is important to note here that even in lieu of any prescribed boundary conditions, 'oø  is not, in 
general, the identity because the growth must be rectified by the compatibility equation, such that, 
in the absence of body forces,  
K/m,m = r      Eq. 2 
where K/m is the Cauchy stress. 
The other is the idea of a constrained mixture, as in [64–66, 68, 84–86, 88–90]. In constrained 
mixture theory, one defines the mass fractions of individual constituents such that each 
constituent has its own associated mass fraction (or volume fraction) such that 
t| = cË Û / = cË ∑ // = ∑ t//    Eq. 3 
where t| is the total solid volume fraction, v is the volume of the tissue, / is the volume of 
constituent i, and t/ is the volume fraction of constituent i. 
It is further assumed that the constituents themselves are independent, but constrained to move 
together such that 
165 
 
K}~' = cË Û K}~/ ' = cË ∑ K}~/ '// = ∑ t/K}~/ '/   Eq. 4 
If we combine this idea with the kinematic growth theory, we can have each constituent evolve 
such that  
' = 8'o¾ :/'o /      Eq. 5 
So that the overall deformation gradients are the same, but the growth and elastic stretch of any 
given constituent need not be. We also note that K}~/ ' when ' = ù does not necessarily 
mean K}~/ ù = r since the reference, strain-free configuration is 8'o¾ :/ which is not, in 
general, equal to '.  
The benefit of using this method is the computational efficiency of being able to limit the 
behavior to a specified number of constituents (i.e. i=3 for tissues composed primarily of cells, 
collagen and elastin), and treating those constituents as independent so that for a specified 
deformation each may remodel with no effect on the other constituents.  
Clearly this is an approximation since cells are constantly interacting with their 
microenvironment. If we return to Eq. 4, we can manipulate it such that we account for all 
constituent fibers, which gives us 
K}~' = cË ∑ KYY = cË ∑  nYYY = cË ∑ YYY    Eq. 6 
where KY is the stress of fiber p, Y is the volume of fiber p, Y is the force in fiber p, nY is the 
deformed cross-sectional area of fiber p, and Y is the deformed length of fiber p. 
Microscale Mechanics and Remodeling: 
 In this work, we utilize microstructural discrete-fiber networks. The networks are 
generated using a periodic Delaunay tessellation using the tetrahedron edges as fibers. These 
fibers are linked at the nodes of the tessellation tetrahedrons via pin joint. The fibers in this model 
are of one type – collagen – which is represented as a helical spring [165] having parameters of 
spring radius ;P = 1.6p, helical radius P = 5.8p, helical separation ℎP =  67.6p ,  and 
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modulus  = 20`n. This model simulates the waviness of collagen with high modulus in 
tension and low modulus in compression. To solve for the internal equilibrium of the network 
subject to a deformation, we solve a Newton iteration to minimize the forces on all nodes.  
 The fibers are remodeled relative to the fiber stress. This model simulates the assumption 
that the cells remodel the microstructure to approach a defined target stress. The model for the 
remodeling of each fiber is given by 
FF = cÞ B GG − 1C  ; FÀF =  FF     Eq. 7 
where  is the fiber radius, k is time, { is the remodeling time constant, K is the fiber stress, KÊ is 
the homeostatic fiber stress,  is fiber initial length, and  is a parameter relating fiber 
lengthening to fiber thickening.  As the fibers are remodeled, the network zero-stress state is 
updated by finding a new deformation such that the stresses are zero. More precisely, we reduce 
the problem to finding '//¾ where K// = 0 since the shear stresses are relatively small throughout 
the remodeling process. Further, to maintain network stability, we enforce an osmotic (or 
hydrostatic) pressure to prevent the network from collapsing. The expression for the osmotic 
pressure is  
bF = bPt ; ` = Ï 4ÕbF9 + 4b∗9 − 2b∗5   Eq. 8 
where bF is fixed charge density, bP is a fixed charge scaling factor (70 M), t is the fiber 
volume fraction, ` is the osmotic pressure,  is the universal gas constant, Ï is the tissue 
temperature (310K), and b∗ is the external osmolarity (150 M).   
Macroscale Mechanics and Remodeling:  
The macroscale models in this work were simulated using FEBio2.5 [121]. The 
verification model was created using FEBio Studio. The geometry is meshed using 8 node hex 
elements. The finite element model for the cruciform validation case was created by using a 2D 
segmentation of the geometry in [232] and extruding the thickness. The geometry was meshed 
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using 8 node hex elements. For either case, each element was prescribed a unique constitutive 
model based utilizing the solid mixture model with a neo-Hookean ground matrix with embedded 
exponential-power fibers [216]  
S = bcdc − 3 + o9  0 9 + ∑ ÚQ9ÄQ )L Bb/ 8di/ − 1:9C  − 1/jc    Eq. 9 
where W is strain energy density, c1 is the modulus of the ground matrix, dc = k;l/m is the first 
strain invariant of the right Cauchy-Green tensor l/m = '/'m, K is the bulk modulus, b9/  is the 
fiber modulus of family i, b/  captures the nonlinearity of fiber family i, di/ = l/mÝ/Ým is the fourth 
strain invariant C where N is the fiber direction vector.  
 The undeformed reference state for each element was defined using the growth 
deformation tensor, and the compatibility of the overall geometry was enforced using the FEBio 
Prestrain material [233]. This allowed for each element to have a unique reference configuration, 
with compatibility enforced on the geometry to visualize the development of residual stresses 
within the material.  
Micro-to-Macro Coupling:  
 The microscale network model was coupled to the macroscale geometry by defining a 
stress-strain relationship for each network. This was achieved by creating a stress-strain curve for 
a prescribed subset of deformations. For the first iteration, in the absence of any prior knowledge 
of macroscale deformations, we perform a suite of uniaxial, biaxial, and shear tests to generate a 
characteristic behavior for the material. After the first iteration, we utilize the deformation from 
the finite element simulation to perform a simple linear ramping from the undeformed network 
configuration to the deformed configuration. We then fit the behavior subject to the applied 
deformation. This resulted in the ability to define the strain energy density function in Eq. 9 such 




 The code operates by calculating the material properties and zero-stress state (growth) 
from the networks then using that as inputs into the FEBio simulation. The simulation is run and 
the results for the element deformations and the element stresses are used for the network 
remodeling simulation. Briefly, the network is either remodeled using deformation control or 
stress control, which is user defined. The code also operates using a forward Euler approach with 
the user defining the time step length and the duration of remodeling for each FE simulation. The 
code begins by calculating the zero-stress state for the network using Newton’s method with a 
numerical Jacobian calculation. The code then deforms the network either to the given 
deformation or to the given stress (which is also solved using Newton iteration) depending on the 
selected control type. The code then calculates the internal equilibrium of fibers and remodels the 
fibers based on Eq. 7. The time is then incremented and the code continues remodeling the 
network until it reached the defined time duration. The end state network material properties and 
the ending zero-stress state are calculated and used as input to the next iteration FE simulation. 
The overall FE-network remodeling algorithm is summarized in the flowchart in Fig. 53A. The 
network remodeling code is summarized in the flowchart in Fig. 53B.  
Verification Case Study: 
 To verify the simulation framework, we performed a suite of simple remodeling cases. 
We define a simple eight element cube macroscale geometry (Fig. 54A). Each element of the 
cube is represented by an eight fiber, one node periodic network (Fig. 54B). The network 
behavior was fit (Fig. 54C) to the strain energy density function in Eq 9 to define the materials for 
each element of Fig. 54A. Test cases utilizing boundary conditions of free in all dimensions and 
fixed in all dimensions were used to validate the code and compare to the results of a single 
network remodeled under the same conditions.  
Experimental Case Study: 
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 To test our remodeling framework, we simulate a simple collagen gel-based cruciform 
seeded with fibroblasts as in [232]. We perform loading scenarios of free contraction, holding the 
biaxial sample fixed, and strip biaxial increase 20% load and decrease 20% load shown 
schematically in Fig. 55A. During remodeling, we track the grip force and the overall geometric 
changes to compare to experimental results [232]. We also track fiber realignment and changes in 
mechanics to compare to experimental observation [234]. This case study served as a proof-of-
concept for our simulation design, and also allowed us to fit the fiber homeostatic stress level.  
Results: 
Verification Case Study: 
To verify the results of our simulation framework, we addressed two network remodeling 
methods one using deformation control (i.e., fixing the deformation, then remodeling) and one 
using stress control (i.e., deforming the network to match the stress, then remodeling). We also 
performed two multiscale simulation scenarios with the geometry shown in Fig. 54. We consider 
boundary conditions of all faces fixed and all faces free. 
 With all faces fixed, we see very good agreement between the single network simulation, 
the deformation control multiscale simulations, and the stress control multiscale simulations (Fig. 
56). In the first column, we show that the stress approaches the same target stress for all 
simulation types. In the stress control multiscale simulation we do steps in the stress profile of the 
stress-control simulation (last row) due to the nature of the network deformation changing with 
remodeling as the stress is matched. In both growth (second column) and fiber volume evolution 
(third column), we show almost not difference between the various simulation types. 
With all faces free, we show good agreement between the single network simulations and 
the force-control and stress-control multiscale simulations (Fig. 57). In the stress evolution (first 
column), we see that the deformation control simulation (second row) at each multiscale step 
begins at zero stress, but then ramps up. This is to be expected as the deformation is fixed so the 
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network naturally tends to remodel to develop some level of stress. We do note that as time 
progresses the amount of stress developed in remodeling does decrease, indicating the simulation 
is closing in on a solution. The growth in the simulations (second column) also shows good 
agreement, with the deformation-control simulations (second row) showing slight differences in 
the remodeling profile. The fiber volume fraction profiles also show good agreement (third 
column), with the deformation-control simulations (second row), again, showing slight 
differences in the remodeling profile.  
Experimental Case Study: 
 To understand the utility of this approach, we simulate a simple tissue-engineering 
example shown in Fig. 58. We simulated the grip force from the experiments of Eichinger and 
Paukner et al. including both +20% load at 28h (Fig. 57A) and -20% at 28h (Fig. 58B).   
 In addition, we demonstrate changes in stress (Fig. 59). The initial homeostatic stress 
immediately prior to 28h is shown in Fig. 59A and 59E. The stress immediately following the 
28h jump is shown in Fig. 59B (+20% force) and Fig. 59F (-20% force). The new homeostatic 
stress state at 42h is shown in Fig. 59C and 59G for +20% and -20% force respectively. In 
addition to analyzing the stress, we also show the fiber orientations which began isotropic, and at 
the end of test aligned in the arms while remaining relatively isotropic in the center region (Fig. 
59D and 59H).   
One major benefit of this framework is we are capable of looking at microstructural 
details  during remodeling. Shown in Fig. 60 are the fiber lengths (top row) and fiber radii 
(bottom row) for the left arm (left column), the center arm (center column), and the top arm (right 
column). We see that in all cases the fibers get shorter (Fig. 60 A,B,C; purple-pink lines vs. light 
blue line). We also see that there is a letter degree of fiber radial growth in the center region than 





 This work demonstrates a novel method for multiscale simulation of remodeling in 
biological tissues. We couple network microstructural elements to finite element modeling via 
FEBio by using simple constitutive modeling. The finite element code solves the compatibility of 
the growth, and determines the stress-strain state, while the remodeling is handled by the 
microstructural model given the stress-strain state. Being able to apply the remodeling directly to 
the network level allows for gathering architectural information along with local material 
inhomogeneities. Further, the multiscale microstructural modeling also allows us to assess failure 
mechanics.    
Verification Case Study: 
 The verification problem sets demonstrate the ability to match single-network remodeling 
using the FE multiscale framework (Fig. 56 and 57). We are able to show that two different 
methods (deformation control and stress control) can match the single network simulation 
provided we use small enough time steps (Fig. 57). This is important because it illuminates the 
importance of selecting the number of remodeling time steps relative to the finite-element steps. 
We note that the closer the network remodeling boundary conditions are to the imposed finite 
element boundary conditions, the more accurate the remodeling results. Thus, careful 
consideration should be given the setting up the microscale remodeling to maximize the accuracy 
of the technique.  
Experimental Case Study: 
 Our experimental case study shows that our model is capable of matching simple 
experimental remodeling cases (Fig. 58) [232]. Our data also showed fiber directionality 
mimicking other cruciform experiments (Fig. 59D and 59H) [234]. Further, we are able to 
demonstrate alterations in individual fibers (Fig. 60), which allow us to visualize tissue 




The constitutive coupling using this method is an approximation of the network behavior, 
and, therefore, should be carefully considered. For example, the eight fiber networks used in the 
Verification Case Study showed very linear behavior, and was subjected to little shear 
deformation. Thus, it was reasonable to use the neo-Hookean constitutive model for the material. 
However, if out macroscale geometry was subject to compressive loads or shear loads, we may 




















Figure 55. A. Unconstrained cruciform, B. Fully constrained cruciform followed by C. uniaxial 





Figure 56. Fixed boundary verification problem. Top row: single network data. Second row: 
deformation control multiscale simulation. Third row: stress control simulation. Left column: 






Figure 57. Free boundary verification problem. Top row: single network data. Second row: 
deformation control multiscale simulation. Third row: stress control simulation. Left column: 





Figure 58. Measured cruciform grip loads over 42 hours with A. a 20% increase in or B. a 20% 





Figure 59. The 1st principal stress at remodeling time of A. 27h, B. 28h and C. 42h with 20% 
increase in load at hour 28, and the 1st principal stress at time E. 27h, F. 28h, and G. 42h with 
20% decrease in load at hour 28. Principal in-plane fiber orientation (theta) at hour 42 for D.) 
20% increase in load and H. 20% decrease in load. Color bar indicates strength of alignment 





Figure 60. Length of every network fiber within a representative element shown for the A. left 
arm, B. center, and C. top arm of the cruciform at 1, 27 and 42 hrs of remodeling. Similarly, fiber 
radii are shown for the D. left arm, E. center, and F. top arm at 27 and 42hrs. The initial fiber 





CHAPTER 8: CONCLUSIONS AND FUTURE WORK 
8.1: MAJOR FINDINGS AND IMPACT 
The Ring Pull Assay: 
 The ring pull assay offers a high-throughput, repeatable method for testing arterial 
tissues. This test requires minimal tissue prep and a relatively simple testing protocol/apparatus. 
Our work has indicated that this test can be used to determine circumferential material behavior 
repeatably. Our work has also shown that this apparatus can also be used to determine failure 
properties of the tissue in question. Overall, this technique stands to be used as a simple indicator 
of tissue properties and failure to assess changes due to genetics or therapies. This technique 
offers much improved insight over standard in vivo imaging and requires less expertise than 
traditional inflation-type experiments. Taken together, this technique may be used for therapy 
screenings in mouse models helping with the development of pharmaceuticals for the treatment of 
arterial diseases like aneurysm and dissection.  
Arterial Inflation under Ultrasound: 
 Ultrasound offers specific unique insights that many other imaging techniques for 
inflation do not. Ultrasound allows for a full-field visualization of the artery both along the length 
and through the thickness. Many current methods use simple optical tracking under the 
assumption of incompressibility to assess luminal and exterior stretches. Ultrasound allows for 
direct measurement of these stretch values as well as the ability to precisely evaluate 
compressibility. This is especially important and significant in tissues such as bifurcations or the 
aortic arch, as the geometry does not lend itself well to assessment of stretches through the 
thickness. These complex geometries are often important as they tend to coincide with tissue 
malformations (such as aneurysm) or tissue failure initiation (as in dissection). Our experimental 
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apparatus allowed us to visualize complex geometries and the ultrasound imaging proved to have 
enough resolution to broadly visualize the deformation. However, for small tissues, ultrasound 
resolution can be inadequate, and the better choice would be optical coherence tomography 
(OCT).  
Micromechanical Modeling or Arterial Growth and Remodeling: 
 In this work, we developed a unique micromechanical model of growth and remodeling 
utilizing discrete fibers and a periodic network. The model showed the ability to capture many 
experimental observables including recovery of a homeostatic stress. We were also able to assess 
the failure mechanics using our model, which is not possible with most continuum models. 
Additionally, we were able to demonstrate different pathological remodeling cases and assess 
changes in microstructural strength, even under the same macroscopic growth levels. This is 
important because clinically the current assessment criteria are based on size and growth rate, 
which have been shown to be imperfect indicators of failure. Our model demonstrates direct 
differences between pathologies which could contribute to understanding of when aneurysms 
require surgical intervention.  
Multiscale Modeling in Growth and Remodeling: 
   In this work, we created a unique multiscale coupling technique to allow for assessment 
of growth on the macroscopic scale from microscale discrete fiber networks. The purpose of this 
approach is to be able to describe a discrete fiber network as a continuum solid in order to 
increase computational efficiency while maintaining microstructural detail. We were able to 
apply this technique to garner significant computational gains, and further utilized the technique 
to investigate growth and remodeling of tissues. We showed the ability to match macroscopic 
observables from a simple collagen gel/fibroblast system including magnitudes of force generated 
from remodeling as well as fiber re-orientation and overall tissue mechanics. We further applied 
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our technique to a tissue engineered valve that was implanted in sheep to attempt to predict the 
experimental findings. The model showed results similar to experimental observations in terms of 
tissue remodeling and valve insufficiency. We also tracked changes in both material properties 
and failure behavior that were broadly similar to the explanted tissue.   
8.2: FUTURE DIRECTIONS 
The Ring Pull Assay: 
As mentioned, the ring pull assay represents an excellent mechanical test for assessing 
mechanical properties and failure of circumferential tissue sections. There are certainly 
opportunities to utilize this technique and our observations to perform high-throughput screenings 
of pharmaceuticals for treatment of diseases like aortic aneurysm. Further, the use of 
computational techniques to garner insight and even relate one mechanical test to another has 
utility in mechanics particularly if we think of using in-tact tissues in complex geometries. It is 
often difficult to assess material properties from such structures, but the use of computational 
models can help with approximation of pertinent mechanical properties through simple 
observation. For instance, the identification of stress concentrators or the tissue geometry on 
behavior can help dissect geometric influences from material behavior, perhaps without 
performing complex inverse mechanics models.   
Arterial Inflation under Ultrasound: 
 Inflation testing offers a more physiological testing environment for arterial tissues. 
Ultrasound imaging allows tissues to be imaged through thickness. The benefit of experiments 
using these two in conjunction is that we have full-field information without the assumption of 
incompressibility. With the addition of computational models, we have a technique to assess and 
decouple geometric effects from material effects through inverse finite element methods. In 
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addition, ultrasound produces a distinct speckle pattern, which can be tracked. The major issue 
currently is that inflation of cylindrical cross-sections produces a relatively small amount of 
speckle relative to the dead space around and within the vessel. Current tracking algorithms tend 
to focus on roughly cubic slabs of tissue or through tracking discrete points. The rectangular slab 
allows for tracking by enforcing compatibility in the deformation, which results in much more 
robust and reliable tracking for biological soft tissues. This method, however, does not work for 
tissues with dead space around them or within them, as the space is generally water and therefore 
need not necessarily deform subject to the same compatibility constraint. The tracking of discrete 
points shows promise, but is prone to mis-tracking and without the additionally constraint of 
compatibility, can be unreliable. Thus, we would want something akin to a mesh within our 
image space that could be tracked and deformed in order to maximize the cross-correlation of the 
speckle pattern while also enforcing compatibility within the tissue. However, creation of such a 
mesh would require segmentation of large image stacks which can be prohibitively time 
consuming. Another option could be recasting the inflated geometry in a parameter space such 
that the images form rectangles. Take, for example a cane-like shape (i.e. an aorta), we can define 
the aorta based on an centerline axial coordinate in the longitudinal direction and a radius and 
angle coordinate in the cross-section. This means we could create image stacks by using radius 
and angle rather than x and y-coordinates in the cross-section and a distance along the centerline 
rather than a z-coordinate. This would effectively remap the x-y-z images into polar coordinates 
along the axis and allow a standard tracking algorithm designed for tissue slabs to track the 
images.    
Micromechanical Modeling or Arterial Growth and Remodeling: 
The micromechanical model of growth and remodeling proposed in this work represents 
one option for trying to understand growth on the cellular level. Our technique offers many 
advantages over continuum-based approaches, and has broad utility, however we still lack 
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sufficient experimental detail to inform the model, so it is difficult to draw any conclusions with 
certainty. In particular, it still remains unclear what the process of fiber turnover exactly looks 
like and the role the cell and the self-assembly of fibrous components (particularly collagen) play. 
Further, we also don’t understand the exact nature of the cells’ interaction with the matrix and 
how this interaction changes over time (i.e. with maturity or with phenotypic changes). This lack 
of data is particularly detrimental to understanding disease states where we have even less 
available data to draw from. Thus, there is ample room to try to understand and model these 
phenomena, and to perform micro-scale experiments utilizing tissue-equivalents and various 
phenotypes of vSMCs and fibroblasts to try to uncover how the cells and matrix interact and 
exactly what fiber turnover looks like in tissue development.     
Multiscale Modeling in Growth and Remodeling: 
 Multiscale approaches are necessary for understanding the growth and remodeling 
process as we must be able to understand how the individual fibrous subunits are formed into 
fibers and how those fibers link to other ECM components or cells to assess, not only growth, but 
also tissue properties and strength. Further, there is a need for improved simulation techniques to 
predict the behavior of implanted tissue-engineered constructs including not only functional 
growth, but also failure modes. There are also opportunities to apply techniques like this to 
predict the behavior of tissues in response to surgical interventions, even without the addition of 
new tissue. The benefit of being able to predict these processes is that the time and effort to create 
a model of a tissue implant are much lower than performing animal studies, especially if the 
implant ends up failing. Multiscale growth models should slot into the design process between the 
benchtop and preclinical trials. 
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 The ability to predict the behavior of tissue-engineered constructs is of critical 
importance to experimental design and the successful adaptation of such technologies to clinic. In 
this work, we create a model representative of a tissue engineered human-chambered muscle 
pump (hChaMP), which is a scaled down geometry of a human heart. We created a finite element 
model of the geometry and applied various layer thicknesses of actively contracting elements 
representative of semi-mature cardiomyocytes. With this model, we predicted the experimental 
stroke volume of the cardiac construct using the observed muscle layer thickness. We also 
gathered additional information to try to improve the next generation of the construct. 
Unsurprisingly, we show that the layer thickness directly affects the stroke volume of the 
construct. However, we demonstrate that the location of the layer directly impacts the function of 
the heart showing that cell migration into the inner walls of the chambers creates a much better 
function than cell migration into the outer surface, even with the same wall thicknesses. Further, 
we show that maintaining cell thickness, but attaining patent cell layers on both the inner chamber 
walls and exterior of the construct nearly recovers full function of the heart relative to full 
thickness cells. This result highlights the importance of making the next generation construct 
have inner chamber muscle, which will guide the cell culture technique for follow up 




 Tissue engineering continues to show promise in treating many diseases. In particular, 
cellularized constructs for cardiovascular applications are beginning to show promise for 
everything from myocardial infarction therapies to heart valve replacements, and even whole 
heart transplants. One issue that continues to plague these therapies is the inability to emulate 
mature healthy cardiomyocytes in vivo, especially in large, complex structures. We therefore 
need a method for evaluating organ-scale function based on cardiomyocyte infiltration and 
maturation in such constructs not only to evaluate the performance of the current construct, but 
also to guide how we approach making better constructs.  
 In this work, we developed a model of cardiac contraction of a novel human chambered 
muscle pump (hChaMP) miniaturized from a patient scan and seeded with human induced 
pluripotent stem cells (hiPSCs). Using data on cell infiltration and hiPSC contractility based on 
maturation we evaluate the current hChaMP, and deliver insight into making a more effective 
second iteration of this construct.  
Methods: 
To create the geometry of the hChaMP, a MRI scan of the printed structure was 
segmented using SimVascular [236]. Once the geometry was segmented, analysis was performed 
using the FEBio software suite [121]. The geometry was imported into PreView 2.1.5, refined, 
and meshed using 10 node tetrahedral elements. The outer surface and ventricular surfaces were 
partitioned in order to find elements on each to allow the generation of properly sized muscle 
layers (i.e. 200-250um, 600-650um).  
The ground substance used in this simulation was the bioink material which was assigned 
a neo-Hookean strain energy density as follows: S = bcdc − 3 where bc is the neo-Hookean 
material constant and dc is the first invariant of the right Cauchy-Green deformation tensor. The 
neo-Hookean constant of the bioink was derived from its shear modulus as: bc ≈ !1 + " where 
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! is the shear modulus, and " is the Poisson’s ratio. The hiPSC-derived cardiomyocytes were 
modeled as a transversely isotropic contractile stress relative to the normal direction from the 
ventricular inner surfaces to the exterior surface. The maximum stress magnitude was taken to be 
3.5 kPa based on the underlying bioink stiffness and the age of the hiPSC-derived cells [237].  
A single node on the apex of the heart was fixed in all directions to stabilize the structure 
during contraction. Once the materials were defined and the boundary condition implemented, the 
simulation was solved using FEBio 2.9.1. Results and videos were exported from PostView 2.5. 
A custom routine was created in MATLAB2019a (Mathworks Inc., Natick, MA, USA) for 
calculating right and left ventricular volume during the contraction using the built-in convhull 
function to find the convex hull volume for the ventricular surface nodal positions.     
Results: 
From experiments, it was determined that the volume moved through the hCHaMP 
chambers was ~0.5 uL and maximum volume moved through the chambers was ~5.0 uL, which is 
approximately 17% of that of the average stroke volume of an adult murine heart [15].  To verify 
the accuracy of these values and determine the effect of wall cellularization on stroke volume, we 
developed an in silico finite element model using the hChaMP digital template. Using this model, 
changes in chamber volume were assessed under three different assumptions: 1) The entirety of 
the wall thickness is occupied by cells, 2) Approximately half of the wall thickness (600-650 μm) 
is occupied by cells, and 3) The cellularization is limited to the outer 200-250 μm of the structure 
(Figure XX). Based on the underlying substrate bioink stiffness and the age of cultured hiPSC-
derived cardiomyocytes, a maximum contraction stress of 3.5 kPa was prescribed for this model 
[237]. The stroke volume calculated for the 200-250 μm wall thickness (most similar to the level 
of cellularization we observed) was 1.7 μL. The experimentally determined stroke volume is 
slightly lower than this, likely due to an uneven distribution of cardiomyocytes across the 
hChaMP surface. Based on the in silico model, we expect that fully cellularized hChaMP under 
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the same conditions would produce a stroke volume of approximately 14 μL which is ~47% of 
the adult murine heart. However, with increased maturation of SMCs that stroke volume could 
increase adult murine heart output. Based on this model, to achieve normal adult murine cardiac 
output, we would need cell contractility of ~13kPa.  
The major limitation with this hChaMP construct is the ability of the hiPSCs to integrate 
into the bioink. The cells only attach and integrate onto the outer surface, which is less than 
optimal. In fact, in Figure Y we see that the ideal scenario is to have the inner surface cellularize 
in addition to the outer surface. This gives us stroke volume greater than even half the thickness 
from the outside.  
Discussion: 
 This model system shows similar behavior to the experiments on the hChaMP construct. 
We show that this model can bridge the gap between single-cell experiments and the overall 
construct based on cardiomyocyte maturity [237]. Based on our model in Figure XX, we see that 
we can improve stroke volume by increasing layer thickness. This is challenging because of the 
diminishing ability to diffuse differentiation agents and required media into the construct. We do 
however, demonstrate an alternative for improving the stroke volume by achieving 
cardiomyocyte infiltration from the inner surface in addition to the outer surface (Fig Y). This has 
challenges itself, but is likely more feasible than increasing layer thickness, because of the ability 
to flow media and differentiation agents through the hChaMP. In fact, sustained pressure internal 
to the hChaMP ventricles could aid in media diffusion and cardiac maturation. Based on Figure 
XX, we see that we need increased cardiomyocyte maturation regardless of hiPSC cardiomyocyte 
thickness. This is a challenge in vitro due to the relative fragility of hiPSC-derived 
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Figure 61. In silico model of stroke volume in hChaMPs of varying wall thicknesses. a) Cross-
sectional views of the hChaMP digital model with full cellular wall thickness (~ 1mm), 600-650 
μm thickness, or 200-250 μm thickness. Gray color indicates bio-ink material, and red color 
indicates cellularized regions. b) Stroke volume versus contraction stress quantified in silico for  










APPENDIX B: SUPPLEMENTAL MATERIAL 
Chapter 4.1 Supplemental Figures: 
 










Figure 65. Normalized wall thickness vs. pressure 
  















Figure 66. Connected region aspect ratio vs. pressure 
  

















Figure 67. Law of Laplace circumferential stress vs. pressure 
 
  















Chapter 5 Supplement: 
Estimation of Actin Time Constant, {:  
From [153] we see:  = 1 `nℎ n KÊ = 9.7`n for FXF = c} K − KÊ=  
For our model: 
F?F = cÞ B GG − 1C ; and we approximate using the above to give: { = c^_#.$}^ =
103.1ℎ = 4.3 n%& 
Estimation of Equilibrium Actin Stress, KÊ  : 
From [238] we see approximate basal force of an SMC is 7.5 ÁÝ. If we then say a SMC cell has 
approximate cross-section of 100Áp9 ; = 5.6Áp, we get KÊÍ~~ = 75`n =  KÊ t. If we then 
assume t = 0.1 then we get KÊ = 750`n 
Estimation of Collagen Time Constant: 
From [171], we estimate the half life of collagen at 60-90  days. Then: 
c9 ÝP = ÝP exp B− 'P F|Þ C 





Figure 68. Fiber orientation plotted as an ellipse with major axis and minor axis lengths 
corresponding to strength of alignment and principle fiber orientation shown as major axis 
direction corresponding to the tilt of the ellipse for A. initial vs normotensive, B. normotensive vs 
50% overload, C. normotensive vs vSMC contractility dysfunction (0% of normal contractility), 
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